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GEOMETRY AND MENSURATION 


(PART 1) 
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LINES AND PLANE SURFACES 


LINES AND ANGLES 


DEFINITIONS 

1. A point indicates position only; it has neither length, 
breadth, nor thickness. 

2. A line has only one dimension—length. 
8. A straight line, Fig. 1, is one that does not change 
its direction throughout its whole length. 
A straight line is also frequently called 
a right line. 


4. A curved line, Fig. 2, changes its a ao 


B 
Fie. 1 


direction at every point. Fie 2 

5. <A broken line, Fig. 3, is one made 
up wholly of straight lines lying in different SS esigh eee 
directions. hie 


Unless otherwise specified, the word line is understood to 
mean a straight line. 

6. <A surface has the shape of a body but is without 
thickness. A surface has but two dimensions—length and 
breadth. 

7. A flat surface, plane surface, or simply a plane, is a 
surface such that a straight line between any two of its 
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points lies wholly in the surface. If a straightedge is laid 
ona plane surface in any direction, every point of the straight- 
edge will touch the surface. 


8. A figure is any combination of points and lines. A 
figure that lies entirely in one plane is a plane figure. In 
referring to a figure, a point is designated by a letter placed 
conveniently near it; thus, in Fig. 1, the left end of the line 
is referred to as ‘‘the point A.’’ The entire line is referred 
to as “the line A B,” the letters A and B designating two 
points, usually the ends of the line. If a line is broken or 
curved, as many points are named as are considered neces- 
sary to designate the line. 


9. Geometry is that branch of mathematics which treats 
of the properties of lines, angles, surfaces, and volumes. 


10. Mensuration is that part of geometry which treats 
of the measurement of lines, surfaces, and volumes. 


ANGLES 


11. An angle, Fig. 4, is the opening between two straight 
lines that meet in a point. The two straight lines are the 
sides, and the point where the lines meet is the vertex of the 
angle. Thus, in Fig. 4, the straight lines O A and OB form 

an angle at the point O; the linesO A 
and O B are the sides of this angle, and 
the point O is its vertex. 


4 12. Anangle is usually referred to 

by naming a letter on each of its sides 
and a third letter at the vertex, the letter at the vertex being 
placed between the other two. Thus, the angle in Fig. 4 is 
called angle A O B or angle BO A. 

An angle may also be designated by a letter placed between 
its sides near the vertex. Thus, the two angles X CY and 
Y CZ, Fig. 5, may be referred to as the angles A and B, 
respectively. 

An angle that stands alone, that is, an angle whose vertex 
is not the vertex of any other angle, may be designated by 


Fic. 4 
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naming the letter at its vertex. For example, the angle in 
Fig. 4 may be called the angle O. 


13. Two angles, as A and B, Fig. 5. having the same 
vertex and a common side C Y, are 
called adjacent angles. 


14. Any angle may be thought of 
as being formed, or generated, by a 
line turning about the vertex as a pivot, 
from the position of one side to the 
position of the other. Thus, the angle 
A O B, Fig. 4, may be conceived as generated by a line turn- 
ing about O from the position O A to the position O B. The 
size of the angle does not depend on the length of the sides, 
which are supposed to be of indefinite length, but on the 
opening between the sides; or, what is the same thing, on 
the amount of turning necessary to bring one side to the 
position of the other. 


x 
Fie. 5 


15. If a straight line, as A B, Fig. 6, meets another 
straight line, as C D, so as to make 
with it two equal adjacent angles, each 
of these angles is a right angle, and 
the first line is said to be normal, or 
perpendicular, tothe second. The point 
aes , where the first line meets the second is 
j called the foot of the perpendicular. 

It is evident that all right angles are equal. 

The edges of the tongue 
of a carpenter’s square, 
shown in Fig. 7, are perpen- 
dicular to those of the body, 
or long blade, and the 
angles thus formed are right 
angles. Thus, A B is per- 
pendicular to BC, and the 
angle at B is a right angle; 
D Eis perpendicular to E F, and the angle at Kisa right angle 


A 
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MEASUREMENT OF ARCS AND ANGLES 
16. A circle, Fig. 8, is a plane figure 
bounded by a curved line, called the cir- 
cumference, every point of which is equally 
distant from a point within, called the 
center. ear 
Fic. 8 of os 
\ 
17. The diameter of a circle is a AB 
straight line passing through the center x L 
and terminated at both ends by the cir- Set iaeg 
cumference, as A B, Fig. 9. Fic. 9 
18. The radius of a circle, O A, Fig. 10, 
i is a straight line drawn from the center to the 
(ele circumference. It is equal in length to one- 
\ half the diameter. The plural of the word 
“ _/ tradius is radi. All radii of any circle are 
eh equal in length. 
19. An arc of a circle is any part of its 2 
circumference, as A EF B, Fig. 11. ee 


The whole circumference of every circle 
is considered as being divided into 360 equal 
parts, and each of these equal parts is calleda \, 
degree; a degree is divided into 60 equal parts 
called minutes; and a minute is divided into 
60 equal os called seconds. Degrees, minutes, and seconds 

are used as units 


for measuring cir- 
cular arcs. 

In? Pig, 12 (a) 

p the circumference 

divided into 

36 equal parts; 


hence, each arc 
ea between two ad- 
jacent division lines contains 360+36=10 degrees. The 
arc A E B is one-quarter of a circumference. A quarter of a 
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circumference is called a quadrant; its arc contains 360+4 
=90 degrees. The arc E B F extends over seven divisions; 
hence, the arc contains 7*10=70 degrees. 


20. Angles, as well as arcs, are measured in degrees, 
minutes, and seconds. If the vertex of an angle is placed 
at the center of a circle, the number of degrees in the arc 
included between the sides of the angle is the number of 
degrees in the angle. For example, Fig. 12 (b) shows a 
circle of the same size as in (a), with half of its circumference 
divided into short arcs of the same size as in (a); that is, 
each arc between adjacent points of division contains 10 
degrees. 

Suppose, as indicated in (b), that the angle C A B is placed 
with its vertex A at the center of the circle. Its sides then 
include four of the equal small arcs. As each small arc con- 
tains 10 degrees, the total arc between A B and AC con- 
tains 4X10=40 degrees; then, the angle C A B is said to 
be an angle of 40°. 

In (a), the arc A E B contains 90 degrees; therefore the 
angle AO B is an angle of 90°. Similarly, the are BFC 
contains 90 degrees, and so the angle BOC is an angle of 
90°. This means that the straight line B O meets the straight 
line C A in such a way as to form two equal adjacent angles 
AO Band BOC; and so, according to Art. 15, each of these 
angles is a right angle. In other words, every right angle is 
an angle of 90°. 


21. Angles are commonly measured by the use of a 
protractor, a form of which is shown in Fig. 13 (a). It consists 
of a piece of celluloid or of metal of a semicircular shape and 
very thin. Along the curved edge are a number of divisions, 
the smallest representing 3°, or 30’, the next larger represent- 
ing 1°, and the larger ones representing 5° and 10°, respec- 
tively. To use the protractor, it is laid flat on the angle to be 
measured, with the point O directly on the vertex of the 
angle and the line A B directly over one side of the angle. 
The point where the other side of the angle crosses the scale 
shows the size of the angle. 
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22. Ifa line is given and it is required to draw another 
line that inclines toward it at a given angle, the required 
line may be drawn in the following manner: Let A B, Fig. 13 
(b), be the given line and O the point from which a line is to be 
drawn at an angle of 54° with the line AB. The protractor, 
as shown in (a), is laid on the line A B, as shown in (0), so 


Fie. 13 


that its center O comes directly over the vertex O of the angle 
and so that the line A B coincides with the line A B. Then 
54° is counted off from the lower end B of the scale on the 
protractor. This means 5 large divisions, each of which 
represents 10°, and 4 small divisions, each of which represents 
1°. Opposite the end of the 54° mark the point C is located 
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with a sharp pencil or a scriber, a pointed steel tool used for 
scribing, or scratching, lines on metal surfaces. Then the 
protractor is removed and a straight line is drawn or scribed 
so as to pass through Cand O. This line CO will make 
an angle of 54° with the line A B; that is, the angle CO B will 


be 54°. 


23. An oblique angle is any angle that is not a right 
angle. An acute angle is an oblique angle that is less than a 
right angle. An obtuse angle is an oblique angle that is 
greater than a right angle. In Fig. 14, BOC and AOC are 


oblique angles, BOC being an acute 
angle, and AOC an obtuse angle. 
In carpentry, an angle other than i e 


aright angle is known as a bevel o 

angle, or bevel; hence, any acute angle Sie 

or any obtuse angle is a bevel angle. The instrument used by 
the carpenter to lay off acute and obtuse angles is called a bevel. 


24. Two angles are said to be complementary when their 
sum is equal to one right angle, or 90°. Each of two comple- 
A mentary angles is called the complement of 

the other. Thus, in Fig. 15, in which A B is 
perpendicular to B D, the angles M and N 


W. are complementary, their sum being equal to 

Mu the right angle ABD. The angle M is the 

B P complement of the angle N; also, the angle N 
aes is the complement of the angle M. 


EXAMPLE.—lIf the angle CBD, Fig. 15, is 31°, what is the comple- 
mentary angle A BC? 
SoLution.—Since A B D is a right angle, the angle A B Cis 
90°—angle C B D=90°—31°=59°. Ans. 


25. Two angles are said to be sup- = 
plementary when their sum is equal to 
two right angles, or 180°. Each of two | 
: A B 
supplementary angles is called the sup- ine 
plement of the other. In Fig. 16, AOD ag 


and DOB are supplementary angles, their sum being evi- 
dently equal to the sum of the two right angles P O B and 
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POA. Thus, AOD is the supplement of DO B,and DOB 
is the supplement of A O D. 

ExaMPLe.—In Fig. 16, the angle A OD is 45°. What is the supple- 
mentary angle D O B? 


SoLuTIoN.—Since angle A OD-+angle DO B=180°, angle DOB 
=180°—angle A O D=180°—45°=135°. Ans. 


26. The sum of all the angles formed on the same side 
of a straight line about the same point in the line is equal to 
two right angles, or 180°. Thus, in 
Fig. 17, M+ N+P+Q+R=180°. 

ExAMPLE.—In Fig. 17, assuming that 
R=30°, Q=25°, P=40°, and N=28°, find M. 

SoLuTION.—Since R+Q+P+N+M= 
180°, M=180°— (R+0+P+ N) = 180°—(30 
Fic. 17 +25°+40°-+ 28°) = 180° — 123° =57°. Ans. 


D 


B 


27. The sum of all the angles formed in the same plane 
about one point is equal to four right angles. Thus, in Fig. 18, 
MN POA L RS EDU. 
= four right angles =360°. 

EXAMPLE.—If the angles N, M, U, etc., 


Fig. 18, are equal to one another, what is the 
size of each angle? 


SoLuTION.—There are eight equal angles 
and their sum equals 360°. Hence, each 
angle is 

360°+8=45°. Ans. 


28. When two lines, as A B and 
C D, Fig. 19, cut or cross each other, 
they are said to intersect. Their com- 
mon point O is called their point of in- 
tersection, or simply their intersection. 


Fic. 18 


29. Two intersecting straight lines 
make four angles having a common ver- 
tex. Any one of these angles and the 
angle on the opposite side of both lines, as the angles M and 
N, Fig. 19, are called vertical angles with respect to each other. 
Vertical angles may also be defined as those having a common 


Fie. 19 
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vertex and in which the sides of the one are the prolongations 
of the sides of the other. 

Since M and WN are each the supplement of P, they are equal 
cCoReach other Amy; angie is-equal, ~«¢-___. — =n 
to its vertical angle. 


30. Parallel lines, such as AB O————_—__—_———-D 
and CD, Fig. 20, are straight lines Broce 
that lie in the same plane and never meet, 
however far they are produced. Any two 
parallel lines have the same direction and 
are everywhere equally distant from each 
other. | 


~ 
3 
S 
$s 
3 
& 
ix 


31. A horizontal line, Fig. 21, is a line 
parallel to the horizon, or to the surface of still water. 


32. A vertical line, Fig. 21, is a line perpendicular to a 
horizontal line. 


33. Ina drawing, it is usual to 


speak of lines drawn from left to right, ? , re 
or from right to left, as horizontal. In 
a diagram in a book, a line parallel to r i 
a. the printed lines 
D is called a hori- 
¥ Fic. 22 


zontal line, and 
a line perpendicular to the horizontal 
B<L line is said to be vertical. 


Fr 
c 984. When two parallel lines, as PQ 
and RS, Fig. 22, are cut by a third line, 


as X Y, the angles denoted by the capi- B A 
tal letters are equal to one another; that » aA 

is” A=B=C=D,. The angles desig- oy Cc 
nated by the small letters are also equal » 

to one another: a=b=c=d. Fie. 24 


Fic. 23 


35. If the corresponding sides of two angles are parallel 
and lie in the same or in opposite directions, the angles are 
equal. Thus, if the side A B, Fig. 23 or Fig. 24, is parallel 
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to the side D E, and if the side B C is parallel to the side E F, 
the angle E is equal to the angle B. 


36. But if one of the sides of one angle lies in the same 
direction as the corresponding side of the other angle, and 
the other two corresponding 
sides lie in opposite direc- 
tions, the angles are supple- 
mentary. Thus, in Fig. 25, 
G H is parallel to and lies 
in the same direction as DE, 
and H I is parallel to but lies 
in the opposite direction to 
E F; hence, the angleG HI 
is the supplement of D E F. 


37. If two sides of an 
angle are perpendicular to 
two sides of another angle, 
the two angles are either equal or supplementary. Thus, if 
DE and G H, Fig. 25, are perpendicular to B A, andif EF 
and HK are perpendicular to BC, then angle H=angle 
B=angleG H K; also, G HI is the supplement of A BC. 


Fie. 25 


EXAMPLES FOR PRACTICE 
1. In Fig. 26, find the number of degrees in the 
angle EO A. Ans. 156° 


Pas) Vial 1D Key, XG. 
find the number of 
degrees in the arc 


AD. Ans. 113° Fic. 26 
3. In Fig. 27, find the number of de- 
grees in the angle BO C. Ans. 77° 


4, In a wheel with fourteen spokes 
spaced equal distances apart, what is the 
angle included between the center lines of 
Fie. 27 any two adjacent spokes? Ans. 257° 


5. If one straight line, as OC, Fig. 14, meets another straight ling 
as A B, so as to form an angle A O C equal to 137°, what does its adjacent 
angle C O B equal? Ans. 43° 
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6. Ifa number of straight lines meet a given straight line at a given 
point, all being on the same side of the given line, so as to form six equal 
angles, how many degrees are there in each angle? Ans. 30° 


CONVERSION TABLES 


38. In making calculations of various kinds, involving 
the lengths of lines, it may be desirable to find a dimension 
to the nearest hundredth of a foot, when it is stated in feet 
and inches; or, a dimension stated as a decimal may have to 


TABLE I 
INCHES TO DECIMALS OF A FOOT 
Inches or] Decimal | “PPTOxI | | Decimal | APproxi- 
Fractions | of Foot ce mene Of aoe eee 
ds .0052 .005 3 .2500 25 
g .0104 .010 4 8333 32 
4 .0208 .020 5 .4167 42 
3 0313 .030 6 .5000 .50 
3 0417 .040 7 5833 58 
$ 0521 .050 8 .6667 67 
3 .0625 .060 9 .7500 75 
Z .0729 .070 10 8333 83. 
1 .0833 .080 11 .9167 .92 
2 .1667 .170 12 1.0000 1.00 


be expressed as a fraction of an inch. Conversion tables, as 
their name implies, are useful in converting, or changing, 
inches or fractions of an inch to decimals of a foot or inch, 
and for changing decimals to fractions. Table I gives the 
equivalents of inches and fractions of an inch in decimals of a 
foot, and Table II gives the equivalents of fractions of an inch 
in decimals of an inch. | 

ExampLeE 1.—Express 7 feet 87 inches in feet and a decimal of a foot. 

SoLuTION.—From Table I, 8 in.=.67 ft., and } in.=.07 ft.; hence, 

7 ft. 8 in. =7+.67+.07 =7.74 ft. Ans. 
236—2 
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EXAMPLE 2.—Express 18.19 feet in feet and inches. 


SoLuTION.—By consulting the column of approximate decimals, 
Table I, it will be observed that .19 ft. is greater than .17 ft., or 2 in., 


TABLE II 
FRACTIONS OF AN INCH TO DECIMALS OF AN INCH 
; Exact Approxi- : Exact Approxi- 
Fraction ° Fraction é 
of Inch | GPtnch | Decimal | OfFmch | “ofiinch | Decimal 
ey .03125 .03 iG .5625 56 
ae .06250 .06 . .6250 .63 
$ .12500 13 # .6875 .69 
ts .18750 19 3 .7500 75 
a .25000 20 as 8125 81 
is .31250 ol a 8750 88 
3 .37500 38 13 9375 94 
ik .43750 44 1 1.0000 1.00 
1 50000 50 


and is less than .25 ft., or 3 in.; .19 being .02 greater than .17, .19 ft. equals 
2 in. and .02 ft. more. According to the table, .02 ft.=2in.; hence, .19 ft. 
=2}in., and 18.19 ft.=18 ft. 24 in. Ans. 

Table II is used in a similar manner. Thus, 9.26 in. =9} in., approxi- 
mately. 


PLANE FIGURES 


CLASSIFICATION 


389. A plane figure is any part of a plane surface bounded 
by straight or curved lines. When a plane figure is bounded 
by stratght lines, it is called a polygon. The bounding lines 
are called the sides, and the length of the broken line that 
bounds it (or the whole EONS around it) is called the 
perimeter of the polygon. 


40. The angles formed by the sides are called the angles 
of the polygon. Thus, ABC DE, Fig. 28, is a polygon. 
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A B, BC, etc. are the sides; E A B, A BC, etc. are the angles: 
the points A, B, C, D, and E are the vertexes of the polygon; and 
the length of the broken line ABCDEA 


is the perimeter. A 
41. Polygons are classified according # bo 
to the number of their sides: A poly- 
gon of three sides is called a triangle; one 
D Cc 


of four sides, a quadrilateral; one of five 
sides, a pentagon; one of six sides, a hexa- 
c gon; one of seven sides, a heptagon; one 


B 
of eight sides, an octagon; one of ten 
sides, a decagon; 4 B 

y is one of twelve sides, aes 
'D 


Fic. 28 


Fic. 29 a dodecagon; etc. 


42. Equilateral polygons are those ¢ 
in which the sides are all equal. Thus, Esen et 
in Fig. 29, AB=BC=C D=DA; hence, ABDC is an 
equilateral polygon. 


43. An equiangular polygon is a polygon whose angles are 
all equal. Thus, in Fig. 30, angle A=angle B=angle D= 
pz angle C; hence, A BC D is an equiangular 


A 
polygon. 
44. A regular polygon is a polygon in 
which all the sides and all the angles are 
Cc 'D equal. Thus, in Fig. 31, AB=BD=DC 


Bie 3} =C A; and angle A=angle B=angle D 
=angle C; hence, A B DC isaregular polygon. A regular 


es BOS 


Pentagon Hexagon Heptagon Octagon Decagon Dodecagon 
Fic. 32 


polygon having four sides is called a square. Some other 
regular polygons, with their names, are shown in Fig. 32. 
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TRIANGLES 


45. According to the relative lengths of their sides, 
triangles are said to be isosceles, equilateral, or scalene; and 
according to the relative sizes of their angles they are said 

to be right triangles or oblique triangles. 


46. An isosceles triangle, Fig. 33, is one hav- 
ing two of its sides equal. 


47. An equilateral triangle, 
Fig. 34, is one that has its three 


Fic. 33 sides equal. 
48. A_ scalene triangle, 
Fig. 35, is one having no two ere ot 
Fic. 35 of its sides equal. 

49. A right-angled triangle, Fig. 36, is 
any triangle having one right angle. The 
side opposite the right angle is called the 

Fic. 36 


hypotenuse; when the sides of a 
right-angled triangle are referred to, the short sides 
are usually meant. For brevity, a right-angled tri- 
angle is termed a right triangle. 


50. An _ oblique-angled, or oblique, triangle. 
Fig. 37, is one that has no right angle. Thus, the 
isosceles, equilateral, and scalene triangles shown in 
Figs. 33 to 35 are also oblique triangles. B 


Fic. 37 


51. The base of any triangle is the side 
p on which the triangle is 
supposed to stand. A tri- 
angle may be drawn so as 
to stand on any side as a D e 
the base. Fic. 38 
The altitude of any triangle is a line 
drawn from the vertex of the angle oppo- 
site the base perpendicular to the base, or to the base 
extended. Thus, in Figs. 38 and 39, if the side AC is the 


Fie. 39 
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base of the triangle, the line B D is the altitude, which, in 
Fig. 39, is drawn to the base A C extended to D. Ina right 
triangle, as in Fig. 36, if one of the short sides is taken as the 
base, the other short side will be the altitude of 
the triangle. 


52. Inan isosceles triangle, the angles oppo- 
site the equal sides are equal. Thus, in Fig. 40, 
A B=BC; hence, angle C=angle A. 

In any isosceles triangle, if a perpendicular is 
drawn from the vertex opposite the unequal side 
to that side, it bisects (cuts in halves) the side. Thus, in the 
isosceles triangle A BC, Fig. 40, the line B D, drawn from 
the vertex B opposite the unequal side A C perpendicular to 
that side, divides it into two equal parts A Dand DC. 

Similarly, in an isosceles triangle, if a line is drawn from 
. the middle point of the unequal side to the vertex of the angle 
opposite, it will divide that angle into two equal parts, or 
bisect it. Thus, if D is the middle point of A C in the isosce- 
les triangle A BC, and D B is drawn, the angle A B D will 
equal the angle D BC and each will be half of the angle 
ABC. The line DB divides the triangle into two equal 
right triangles A D Band C DB. 

If two angles of any triangle are equal, the triangle is 
isosceles, and the sides opposite the equal angles are of equal 
lengths. 


Fic. 40 


53. In any triangle, the sum of the three angles is equal 
to two right angles, or 180°. Thus, in Fig. 41, the sum of the 
angles at A, B, and C=two right angles; that is, A+B+C 
=180°. Hence, if any two angles of a triangle are given, 

a the third may be found by subtract- 
ing the sum of the two from 180°. 
ExampLe.—lIf, in Fig. 41, d=90° and C 
= 35°, how many degrees are there in B? 
B SoLuTIOoN.—Since the sum of A, B, and C 
eee is 180°, B is equal to the difference between 
180° and the sum of A and C. Therefore, 


B=180°— (90°+35°) = 180°—125°=55°. Ans. 
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54. In any right triangle there can be but one right 

angle; and since the sum of all the angles equals two right 

p angles, it is evident that the sum of 

the two acute angles must be equal to 

aright angle. Therefore, if in any right 

triangle one acute angle is known, the 

other can be found by subtracting the 

A c known angle from 90°. Thus, A BC, 

Biavid2 Fig. 42, is a right triangle, right angled 

at'C.. Then, angle A-+ angle B=one right angle=90°. If A 
= 40°30’, B=90°— 40°30’ = 49°30’. 

If an isosceles triangle has one angle a right angle, each of 

the other two angles is 45°. Thus, if A Cand BC were equal, 

the angles A and B would each be 45°. 


55. Isosceles triangles and right triangles are met with 
very frequently in carpentry and in other forms of building 
construction. For example, Fig. 43 shows B 


the outline of a common gable on a house. 
The lines A B and BC represent the 
rafters that support the roof and b D gj 


represents the height of the gable above 
the base AC. As the rafters are of the 
same length on both sides of the roof, A B= BC, and so the 
triangle A BC representing the gable is an isosceles triangle. 

The line B D, representing the height of the gable, is a 
perpendicular from B to AC. According to the statements 
made in Art. 52, therefore, it bisects AC and divides the 
triangle A BC into two equal right triangles A DB and 
C DB. In other words, A D=DC, and the angle A BD 
is equal to the angle CBD. As ABC is an isosceles 
triangle, the angles A and C are equal. 


Fic. 43 


56. Carpenters give special names to the various dimen- 
sions of a gable. For instance, the height B D, Fig. 48, is 
called the rise. The distance A D from the point A to the 
foot of a plumb-line dropped from B, or to D, is called the 
run. As C D=A D, the run is also represented by C D. 
The total width A C, which is twice the run, is called the span. 
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The slope of the roof depends on the relative height B D and 
width AC. The greater the rise, or height, for a given span, 
or width, the steeper becomes the slope, or pitch, of the roof. 
The pitch is the ratio of the rise to the span; thus, if the rise 


B D is 8 feet and the span, or width, A C is 24 feet, the pitch 


eS aL 
ist ==. 5 


57. Another example of the occurrence of triangles in 
building work is found in the roof truss, which is a frame built 


to support a roof. The outline B 
of a simple form of truss is shown 

in Fig. 44. The distance AC E. 
represents the span of the roof 

from wall to wall of the build- 4 D 
ing, B A and BC are the parts ee 


corresponding to the rafters, and B D is the rise, or height, 
of the roof. The lines DE and DF indicate braces that 
stiffen and strengthen the truss. 


EXAMPLES FOR PRACTICE 


1. Find the number of degrees in each of the angles B and C of the 
triangle A B C, Fig. 45. ineys B= 36> 
“| C=108° 


2. How many degrees are there in each 
of the acute angles of an isosceles right 
‘B triangle? Ans. 45° 


Fic. 45 


3. One of the acute angles of a right tri- 
angle contains 30°. How many degrees are there in the other acute 
angle? Ans. 60° 


4. In the roof truss, shown in Fig. 44, angle A=35° and A E=EB 
=ED. Find the number of degrees in the angles A ED, EDA, and 


ABD: A E D=110° 
Ans.) E D A =35° 
A B D=55° 


5. Ina gable like that shown in Fig. 43, the span A C is 18 feet and 
the rise B D is 6 feet. What is the pitch, or slope? Ans. 3 
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PRINCIPLE OF RIGHT TRIANGLE 


58. <A very important principle, and one that is applied 
in the solution of a great variety of problems, is the following: 
In every right triangle, the square formed on the hypotenuse 
is equal to the sum of the squares formed on the other two 
sides. This is clearly shown in Fig. 46, in which A BC isa 
right triangle with its right angle at B. For convenience, the 
sides of the triangle are taken to represent 3, 4, and 5 feet, 
as indicated by the figures. The hypotenuse A C forms one 
side of a square A C E D; the side A B forms one side of a 
square A B I K; and the side BC forms one side of a square 
BC HF. By dividing each of these squares into smaller 

= squares of equal sizes, it will be 
seen that there are 25 small 
squares in ACE D, 16 “m 
BC HF, and 9-in A BL Kin 
other words, the square ACED 
on the hypotenuse contains as 
many smaller squares as the 
squares ABI K and BCHF 
together, or, 25=9+16. This 
principle may be stated in 
another way by saying that the 
square of the length of the 
hypotenuse is equal to the sum 
of the squares of the other two sides. In the illustration, the 
square of the short side is 3?=9 and of the long side is 
42=16, and the square of the hypotenuse is 5?=25, which is 
equal to 9+16; Hence, 3?+4?=5?. . 

According to this principle, if the lengths of the sides 
AB and BC are known, the length of the hypotenuse 
can be found by adding the squares of the lengths of the 
sides A B and BC, and then extracting the square root of 
the sum. 


Rule.—To find the hypotenuse of a right triangle, add together 


the squares of the sides and extract the square root of the sum. 
Stated as a formula, this rule becomes 
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C= oY a2 +5 


in which c=length of hypotenuse; 
a=length of one short side; 
b=length of other side. 


EXAMPLE 1.—In Fig. 47, BC is a brace joining the two pieces A B 
and A C, which are perpendicular to each other. Find the length of 
BC, B being 24 inches from A, and C 36 inches from A. 

SoLuTIon.—A B C is a right triangle, of which A B 
and A C are the sides and BC the hypotenuse. The 
length of B Cis found by adding the squares of the 
lengths of A B and A C and extracting the square root 
of the sum. Thus, the square of A B equals 

24? = 24X24 = 576 

The square of A C is 

36? = 36 X36 = 1,296 

The sum of these squares is 576+1,296 =1,872; the 
square root of 1,872=43.27. The length of B Cis therefore 43.27 in., or 
433 in., approximately. Ans. 


EXAMPLE 2.—In a gable like that shown in Fig. 43, the span A C is 20 
feet and the height B D is 10 feet. What is the length of the rafter A B? 


SoLuTIon.—Since D is the middle point of A C, A D=% A C=10 ft. 
By Art.52, A D Bisaright triangle. Therefore, the square of the hypot- 
enuse A B is equal to the sum of the squares of the sides A D and BD. 


As A D=10 ft. and BD=10 ft., A D'=100 and BD’=100. Then, 
A B’=100+100=200, and A B= V¥200=14.14 ft., or 14 ft. 14 in. Ans. 


59. When one side and the hypotenuse of a right tri- 
angle are known, the other side may be found by applying 
the following rule: 


Rule.—To find one side of a right triangle when the other 
side and the hypotenuse are known, subtract the square of the 
given side from the square of the hypotenuse and extract the 
square root of the difference. 


Using letters having the same meaning as those given in 
the formula of Art. 58, this rule may be stated thus: 


a= Vc?—6 or b= V(2—@? 


EXAMPLE 1.—It is desired to find the height of the ceiling in a room. 
When one end of a 10-foot pole is set in the angle of the ceiling and wall, 
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the other end is 6 feet from the base of the wall. What is the height of the 
ceiling? 

SoLutTion.—As the wall is at right angles to the ceiling and to the floor, 
the 10-ft. pole occupies the position A B, Fig. 48, with its lower end 
B at a distance of 6 ft. from C. As the line A C 
where the walls meet is perpendicular to the 
floor, A CB is a right triangle with its right 
angle at C, and so A B is the hypotenuse. Call 
the hypotenuse c and the sides a and 8, as shown. 
Then, according to the formula just given, 
b=Ve—a@. But, ?=10?=100, and a?=6?=36. 
Then, 


Ceiling 


b= V100—36 = V64=8 ft. 
Therefore, the height of the ceiling is8 ft. Ans. 


ere 
Co. 


a EXAMPLE 2.—The length of each of the equal 
sides of an isosceles triangle is 10 inches, and the length of the base is 
12 inches; find the length of the per- 
pendicular from the vertex to the base, PX 

SoLtution.—Let A BC, Fig. 49, be 

the isosceles triangle. Then, A D is 
one-half of the base; therefore, A D=6 
in. In the right triangle A C D, the 
side C D is equal to the square root of 
the remainder obtained by subtracting 

the square of the side A D from the <; 
square of the hypotenuse A C. Hence, oo 


C D=10'—6?= V64=8 in. Ans. Fie. 49 


60. The hypotenuse of a right triangle whose sides are 
of equal length is equal to the square root of twice the square 
of aside. ABC, Fig. 50, is a right triangle, 

the side A B being equal to the side BC; then, 


AC=N2XAB =1.4142 A B 
Rule.—The hypotenuse of a right triangle 


co having equal sides 1s equal to 1.4142 times the 
Fic. 50 length of a side. 


Norte.—In practice, when great accuracy is not required, 1% is some- 
times used instead of 1.4142, as given in the foregoing rule. Bice example, 
when each side is 12 inches the hypotenuse is practically 14;X12=17 
inches. : 


E-XAMPLE.— What is the length of a rafter, if the rise is 15 feet, and the 
span is 30 feet? 
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SOLUTION.—Since the rise D G, Fig. 51, is equal to one-half of the span, 
DG=; EF=EG. The length ED of the rafter is therefore the hypot- 
enuse of a right triangle whose sides 
are equal. 


EG=} of 30=15 ft. 
E D=1.4142X15=21.21 ft. 
.21 ft. =.21X12=2.52 in. =2} in., 


nearly 
Therefore, the length of the rafter £, P 
is-21 ft. 24in.- Ans. Ik rd 


The diagonal of a square is Fie. 51 


the hypotenuse of a right triangle having equal sides; hence, 
the diagonal of a square is equal to 1.4142 times the side 
of the square. The side of a square can be obtained when 
the diagonal is known by dividing the diagonal by 1.4142, or 
by multiplying the diagonal by .7071. 


61. A right angle can be laid off by the following method, 

when the three sides of any right triangle are known: Sup- 

pose that A B, Fig. 52, is to be one 

line of the foundation of a building 

and it is desired to lay off from A 

another line that will make a right 

c angle with A B. 

It is known that a triangle whose 

sides are respectively 6, 8, and 

; 10 feet is a right triangle, since 6? 

A D B 492-102, On AB lay off AD 

Beer equal to 8 feet. Fasten one end 

of a tape, or line, at A and draw the other end toward E, so 

that A FE will be as nearly perpendicular to A B as can be 

estimated by the eye. Make AC on AE 6 feet. Measure 

the distance C D; if this is more or less than 10 feet, swing 

the line A E to the right or left, as may be necessary, until DC 

is exactly 10 feet, when the angle at A will be a right angle. 

Any distances that will form three sides of a right triangle 

may be used in the preceding method; the numbers 3, 4, and 

5, or some multiple, as 6, 8, and 10, or 9, 12, and 15, are most 
convenient. 
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62. The principle of the right triangle is of very great 
value in practical work, and the student should become 
thoroughly familiar with it in all of its variations. 

The following is an example showing a double application 
of the right-triangle principle: 


EXAMPLE.—The outline in Fig. 53 represents a skylight with a four- 
sided roof, each side in the form of an isosceles triangle. The length of 
the base A D is 9 feet and the 
width CDis7 feet 6inches. The 
point O is 2 feet above the plane 
of ABCD. What is the length 
of the edge OD at the angle of 
the skylight? 


SoLuTiIon.—It will be seen that 

Fic. 53 the point O’ is directly under O 

and 2 ft. below it, so that O’ is 

on the same level as A BCD. It will also be seen that DO is simply 

the hypotenuse of a right triangle, whose base is DO’ and whose altitude 

is OO’. But DO’ is also the hypotenuse of a right triangle, whose sides 

are EO’ and ED. EO’ is one-half of 7 ft. 6 in., or 3.75 ft., and E D is 
one-half of 9 ft., or 4.5 ft. Then, 


(D 0')?=3.75°+4.5?= 34.3125 
D O' = 34.3125 =5.86 ft. 
(D 0)?=(D 0')?+(0 0’)? =34.3125+4 = 38.3125 
D O= 38.3125 =6.19 ft. =6 ft. 2} in., nearly. Ans. 


SIMILAR FIGURES 


63. Similar polygons are those whose corresponding 
angles are equal and whose corresponding sides are pro- 
portional. In the quadrilaterals A BC Dand A” B’ C” D’’, 
Fig. 54, the corresponding angles are equal; that is, angle A 
equals angle A”; angle B equals angle B’’; angle C equals 
angle C’’; and angle D equals angle D’’. Moreover, the 
corresponding sides of the figures are proportional; that is, 
A” B" bears the same ratio to A B as does B’ C” to BC, 
C” D” to CD, and D” A” to DA. The quadrilaterals 
ABC Dand A” B”’ C” D” are therefore similar. 

The quadrilaterals A BC D and A’ B’C’ D’ have their 
corresponding angles equal, but the figures are not similar, 
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since the corresponding sides are not proportional. For 
example, A’ D’ does not bear the same ratio to A D as does 
A’ B’to AB. 

64. Two triangles are similar when the angles of one are 
equal to the angles of the other. In the triangles A BC and 


D’ 
D 
Cc’ 
Cc 
a B A B’ 
D” 
Lae 
A” ‘BB! 
Fic. 54 


A’ B’C’, Fig. 55, angle A equals A’, angle B equals B’, 
and angle C equals angle C’; the triangles are therefore similar, 
and their corresponding 


: : A 
sides are proportional. x 
65. Triangles that 
have their corresponding 
sides parallel are similar; Z .. & .) 


‘for, the sides of the tri- 
angles are the sides of 
the angles, and it was shown in Art. 35 that if the sides of two 
angles are parallel, the angles are equal. In Fig. 55, A B is 
parallel to A’ B’, and BC to B’C’, and AC to A’ C’; there- 
fore, the angles A, B, and C are equal to A’, B’, and C’, 
respectively, and the triangles are similar. 
The following are some of the proportions that may be 
formed from these similar triangles: 
AB:A'’Bi#AC:A'C’ 
Anetta B= Cee, 
ACG tat Ghee BC 3 C 
AvoieoeOr= A BoBC. 


Fic. 55 
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ExaMPLE.—In Fig. 55, A B=6 feet, A C=7 feet, 3 C=8 feet, and 
B’ C’=6 feet; find A’ B’ and A’ C’. 
SoLUTION.—It will be observed that the lengths of the similar sides 


BC and B’ C’ are given, the ratio between their lengths being 8:6, or . 


AB 
The ratio between other similar sides will be the same; that 18, 77 Re 
8 AC 8 é 
rs and AC’ 6 Since 
A B:A’ B’=8:6,0r6:A’ B’=8:6 


ae Brana ft.=4 ft.6in. Ans. 


Again.) AtC 3A’ C=B8 CBC ord: A C=s8°-6 

Then, Aw cr =o tte Ditton eee TIS. 

66. If a straight line is drawn through two sides of a 
triangle parallel to the third side, it divides those sides pro- 
portionally. Thus, let the line DE be drawn parallel to 

the side BC in the triangle A BC, Fig. 56. 
Then, AD:AB=AE:AC,orAD:DB 
=AE:EC. It is to be noticed that the 
triangles A D E and A BC are similar, 


af and their sides are proportional. Thus 
AB: A D=BG): DE, sand AC. Age 
= BIC) E. 
If a straight line, 
B F Cas DF, is drawn 
ee. ° from D, parallel to 


AC, the triangles A DE, A BC, and 
DBF are all similar, and a number of 
other proportions may be formed. 

EXAMPLE 1.—In Fig. 57, D E is parallel to 
BC, and AD is one-third of A B; find the 
length of A E. 


SoLuTIon.—Since DE is parallel to BC, 3B 
ASD YAU B=PAIE A Ce ButeAG). Alpes: 
then, A E:AC=1:3. Substituting for AC its value, AE:7=1:3; 
hence 


Fic. 57 


il 
A = =24 in. Ans, 


GEOMETRY AND MENSURATION Zs 


ExaMPLE 2.—On a drawing, it is required to divide a line 8 inches 
long into twelve parts. 


SoOLuTION.—The principle of similar triangles is very useful in solving 
an example of this kind. Let A B, Fig..58, be the line 8 in. long that is to 
be divided into 12 equal parts. Obviously, 
each part will be 8+12=2 in.; but the 
usual scales and rules are not graduated in 
thirds, and so they cannot be used. So, 
from one end A of A Bdrawaline A Catan 
acute angle to A B. The size of the angle 
is not important. From A to C lay off 
twelve equal distances, as, for example, 
twelve equal spaces of 1 in. each, which 
can be done readily with a scale or ruler. 
Join Cand B by astraight line CB. Then, from the points of division on 
A C, draw lines parallel to B C, and these lines will divide A B into twelve 
equal parts of } in. each. 

The proof is quite simple. The lines parallel to B C form a series of 
triangles similar to A BC, and their corresponding sides are therefore 
proportional. For example, the triangle A ED is similar to A BC, 
and so AE:AD=AB:AC. But, A D=1 in. A B=8 in.,, and AC 

1X8 


=12in. Hence, substituting these values, AH:1=8:12,or 4 E meer: 


B 
Fie. 58 


a 
=3 1n. 

The equal spaces on A C may be any convenient length instead of 1 in.; 
for example, they may be 3 in. each, or 3 in. or j in., or any other length. 
The result will be the same in any case. 


EXAMPLES FOR PRACTICE 


1. A ladder 65 feet long reaches to the top of a house when its foot 
is 25 feet from the house. How high is the house, supposing the ground 
to be level? Ans. 60 ft. 


2. Ina triangle A BC, side A B=32 feet, B C=34 feet, and A C=48 
feet. If side A B of a similar triangle is 72 feet long, what are the lengths 
of the other two sides? : ne e C=108 ft. 

‘|B C=76 ft. 6 in. 


3. The base of a right triangle is 24 inches, and its altitude, 72 inches. 
At what distance from the top is the triangle 16 inches wide? 
Ans. 48 in. 


4, What length of rafter is required for each side of a gable, if the span 
is 24 feet, and the rise is three-fourths the span? Ans. 21 ft. 7} in. 
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5. ABCD, Fig. 59, is the outline of a roof. It is desired to extend 
the sides AB and CD to the ridge &. 
What are the distances E F and E A? 
ine fe F=7 ft. 6 in. 
"| EA =22.41 ft., or 22 ft. 5 in., nearly 


6. What is the distance between the 
16-inch mark on the body of a steel square, 


D Fig. 7,and the 12-inch mark on the tongue? 
pNer Sle | Ans. 20 in, 
Fie. 59 


7. The distance E B, Fig. 60, is 83 feet. 
If the distance between the pieces A 
parallel to A B, measured from cen- 


ter to center, is 20 inches, and the 4 

length of A B is 5 feet 6 inches, 

what is the length of the piece CD? 2B D B F 
Ans. 3 ft. 32 in. Fic. 60 


GEOMETRICAL PRINCIPLES OF THE CIRCLE 


67. A chord is a straight line joining any two points in a 
circumference; or, it is a straight line joining the extremities of 
anarc. Thus, in Fig. 61, A B is the chord 


E 
PES of the arc A EB. 
4 


68. <A segment of a circle is the space 
included between an arc and its chord. 
Thus, in Fig. 61, the space between the 
x _/ arc A & B and the chord A B is a segment. 


69. Asector of acircle 
is the space included be- 
tween an arc and two radii drawn to the ex- 4 
tremities of the arc. Thus, in Fig. 62, the Se 
space included between the arc A B and the 


radii OA and OB is a sector of the circle. aes 


70. Two circles are equal when the radius or diameter of 
one is respectively equal to the radius or diameter of the other. 

Two arcs are equal when the radius and chord of one are 
equal to the radius and chord of the other. 
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71. An inscribed angle is one whose vertex lies on the 
circumference of a circle, and whose sides are chords. It is 
measured by one-half the intercepted arc. Thus, in Fig. 68, 
ABC is an inscribed angle, and it is B 
measured by one-half the are A DC. 

EXAMPLE.—TIf, in Fig. 63, the arc A DC con- 


tains 144°, what is the measure of the inscribed 
angle A B C? 


SOLUTION.—Since the angle is an inscribed 4 C 
angle, it is measured by one-half the intercepted 
arc, or D 

4X 144°=72°. Ans. Fic. 63 

72. All angles inscribed in the same segment are equal. 
Thus, in Fig. 64, the inscribed angles A BE, AC E, and 
ADE are all equal; for each is 
measured by one-half of the arc A E. 

For example, if the arc A E is 86°, 
each of the angles ABE, ACE, 
and A D E is equal to one-half of 
86°, or 43°. It is thus seen that the 
angles ABE, ACE, and ADE are 
each equal to one-half of the angle 
AOE, which is formed by draw- 
ing radii from the center of the 


Fic. 64 


circle O to A and E£. 

Any angle inscribed in a semicircle 
is a right angle. Thus, the angle 
ACB, Fig. 65, is a right angle, for it 
is measured by one-half of the semi- 

A circumference 
\S ADB, and one- 
B half of a semi-cir- 
cumference is a 

quadrant, or 90°. Fic. 65 


%3. If, in any circle, a radius is drawn 

perpendicular to any chord, it will bisect 

Vee aee the chord. Thus, if the radius O C, 

Fig. 66, is perpendicular to the chord A B, then A D=D B. 
236—3 
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A radius that bisects a chord, bisects also the angle included 
between radii drawn to the ends of the chord. 

If a straight line is drawn perpendicular to any chord at its 
middle point, it must pass through the cen- 
ter of the circle. 


74. Through any three points not in 
the same straight line, a circumference can 
be drawn. Let A, B, and C, Fig. 67, be 
any three points. Join A and B, also B 
and C, by straight lines. From the middle 
point of A B draw K H perpendicular to 
A B; from the middle point of BC draw F E perpendicular 
to BC. These two perpendiculars intersect at O. With O 
as a center; and OB, OA, or OG as a & 
radius, describe a circle: it will pass through 
Az hb, and.c. 


Fic. 67 


75. Atangent toa circle isa straight line 
that touches the circle at one point only; it 
is always perpendicular to a radius drawn to 
that point. Thus, A B, Fig. 68, isa tangent B 
to the circle; it touches the circle at E and ad 
is perpendicular to the radius O E. 


/\\ 76. If two circles intersect each 

other, the line joining their centers 
\/ bisects at right angles the line join- 
ys ing the two points of intersection. 


Thus, if the two circles whose cen- 
ters are O and P, Fig. 69, intersect 
at A and B, the line O P bisects at 

right angles the line A B; or AC 

=BC. 


Fic. 69 


77. One circle is said to be tan- 
gent to another circle when they 
touch each other at one point only, 
as in Fig. 70. This point is called Fie. 70 
the point of contact, or the point of tangency. 
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78. When two or more circles are described from the 
same center, as in Fig. 71, they are called concentric circles. 


79. If two chords of a circle intersect, 
the product of the segments (parts) thus 
D formed of one of the 
ee a A chords is equal to the 
product of the segments 
of the other. Thus, 
A B and C D, Fig. 72, Fic. 71 
Cc are chords that intersect at E. Then, 
AEXEB=CEXED 
Fie. 72 EXAMPLE.—In Fig. 73, the diameter B E of the 
circle is 29 feet, and the distance B D, 4 feet. What 
is the length of the chord A C that passes through D 
and is perpendicular to B E? 
SOLUTION.—Since A C is perpendicular to the 4 <1 3e 
diameter BE, BE bisects AC, and AD=DC 
(Art. 73). 
D E=29—4=25 ft. 
The products of the segments of the intersecting 
chords being equal A DXDC=BDXDE. But, 


A D=D C; therefore, E 
AD =B DXD E=4X25=100; Fic. 73 
A D= V100=10 ft. 
and ANC= aA — 2 O20 fine ANS. 


80. Since AD’ =BDXDE, in Fig. 73, the following 
principle may be deduced from the preceding solution: When 
a chord, as AC, is drawn perpendicular to a diameter of a 
circle, as B E, the square of one-half the chord is equal to the 
product of the parts of the diameter formed by the inter- 
section of the chord. Here the chord A C is divided into two 
equal parts, A D and DC, by the diameter BE. Then, 


A D’, as well as DC’, is equal to BDXD E. 


EXxAMPLe.—TIf, in Fig. 73, B D is 3 feet and D E is 9 feet, find the length 
of the half-chord A D. 


Sotution— AD =BDXDE=3xX9 = 27. Since the square of 
A D=27, 
A D= 27 =5.20 ft., or 5 ft. 23 in., approximately. Ans. 
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In the circle A BC E, Fig. 74, A C is the chord of the 


segment A BC. B D is the height of the segment; BC, the 
B chord of one-half the arc; and B E, the di- 


ameter perpendicular to the chord. Then, 
Wile Dey : 


BC=BD+LDG 


But, DC=BDXDE 
Therefore, BCG=E2BD)+BDXDE 
= or, BC =B D(BD+DE) 
Fic. 74 As BD+DE=BE, 
2 nue 


oe B 
BC=BDXBE, and B nS ao the radius BO= 


2BD 
Rule.—The radius of a ctrcle ts equal to the square of the 
chord of one-half of a given arc divided by twice the height of 
the segment. 
EXAMPLE.—Referring to Fig. 74, B C=3 feet 6inches, and B D=1 foot 
7 inches. Find the radius B O. 


“SoLuTION.— B C=42 in.; BD=19 in. According to the rule, the 
radius is 


82. Where the chord of the are and the height of the seg- 
ment are known, to find the radius of the circle, add the square 
of one-half the chord to the square of the height of the seg- 
ment and divide the sum by twice the height of the segment. 


Let r =radius; 


c=chord of arc; 
h=height of segment. 


‘Then, 


or, r= 
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EXAMPLE.—In arches, the span is the distance across the opening, 
as A C, Fig. 75, measured from the ends of the arch, as A and C. The 
rise DB is the perpendicular distance 
from AC to the highest point B 
measured on the center line O B. 

The span A C, Fig. 75, of an arch is 
6 feet, and the rise D Bis 8inches. What 
is the length of the radius O B? 

SOLUTION.—The span A C is a chord 
of the arc A BC, and BD is the height 
of the segment. AD, one-half of the 
chord, is }X72 in. =36 in. 


AD+BD 36°-+8' 1360 


B — = =a = i 5 
g 2BD Re Ty ee 
Therefore, OB=85 in.=7 ft. 1 in. 

Ans. 


‘INSCRIBED AND CIRCUMSCRIBED POLYGONS 


83. An inscribed polygon is one whose vertexes lie 
on the circumference of a circle and whose sides are chords, 
asec MNP O-Fic. 76. 


84. <A circumscribed polygon is one whose sides are 
tangent to acircle,as ABC DEF, Fig. 76. 

Circles may be inscribed in and circumscribed about any 
regular polygon. The radius of the circumscribed circle is 
the distance from the center to an angle of the inscribed 
polygon, and of the inscribed circle 
the perpendicular distance from the 
center to the side of the circum- 
scribed polygon, as shown in Fig. 76. 


85. If lines are drawn from the 
center to the angles of a regular 
polygon, they will make equal angles 
with the sides of the polygon and 
will form isosceles triangles. As the 
sum of all the angles formed about a point by lines drawn 
from it is equal to 360°, the angle at the center of a regular 
polygon between two radii equals 360° divided py the number 
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of sides. Thus, the angle between two radii drawn to the 
ends of a side of a regular hexagon is 360°+6=60°. The 
sum of the angles of a triangle is two right angles, or 180°; 
hence, since the triangles formed by drawing radii to the 
angles of a regular polygon are isosceles, the angles OQ K 
and O K Q, Fig. 76, are each equal to one-half the difference 
between 180° and the central angle. Thus, each angle is 
4x<(180°—60°) =60°, and consequently the triangle O KQ 
is equilateral. In a regular hexagon, therefore, the sides are 
equal to the radius of the circumscribed circle. 

A line drawn from the center of a regular polygon to an 
angle bisects the angle; thus O A bisects the angle BA F, 
which, therefore, is equal to 2XOA B, 
or 2x0 AF; 


86. The principles of Art. 85 are 
employed, in practice, to determine the 
various cuts of material used in the 
construction of regular polygons. 

EXAMPLE 1.—Eight pieces of molding, as 
A B, BC, etc., Fig. 77, are to be laid around 
an octagonal room of equal sides, the ends of 
the pieces being sawed off at an angle so as to 
match, as shown. To what angle must a bevel, as shown at D, be set in 
order to mark the line of the saw cut? 


Fic. 77 


SoLuTion.—Draw A O, BO, etc. to the center O, forming triangles 
AOB, BOC, etc. Then each of the angles at O is one-eighth of 360° 
=45°. The anglesO A Band OBA are 
each 

3X (180° — 45°) = 673° 

If the blade of the bevel is set at this 
angle, as at D, and the ends of the pieces 
of molding are cut to it, they will fit to- 
gether properly. Ans. 


EXAMPLE 2.—In Fig. 78, GH E F and 
HK DE represent two boards forming a 
center for supporting a brick arch during 
building, the shaded parts being cut 
away, leaving a curve, as AL BC, on which to form the arch. What is 
(a) the length G H (or H K) of each board, and (b) the angle of bevel 
GHO where they meet? The radius A O of the arch is 2 feet. 


Fic. 78 
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SoLuTION.—(a) Draw A B parallel to GH and meeting OG and OH; 
also draw OL perpendicular to A B; then A M=MB (Art. 73), and 
by similar triangles, LG=LH. OL bisects the right angle A OB; 
hence, A O M is one-half of 90°, or 45°. Then the other acute angle in the 
right triangle O M A is 90°—45°=45° also. The angle LGO is equal to 
the angle M A O, or 45°, and the right triangle O L G having two angles 
equal, the opposite sides are equal also; and since O L=the radius, or 2 ft., 
LG is also 2 ft. and G H is 2X2=4 ft., the required length. Ans.. 

(0) Angle GH O=angle OG H=45°, the angle at which to set the 
bevel. Ans. 


87. The following principle may also be conveniently used 
in many cases. In any polygon, the sum of all the angles 
equals 180° multiplied by a number that is two less than the 
number of sides in the polygon. Hence, to find the size of any 
one of the angles of a regular polygon, multiply 180° by the 
number of sides less two, and divide the result by the number of 
sides; the quotient will be the number of degrees in each angle. 
For example, each angle of a regular octagon, as in Fig. 77, is 
[180 x (8 —2)] +8 =185°. 


EXAMPLES FOR PRACTICE 


1. Thespan ofa circular arch is 7 feet, and the rise is 1 Le for each foot 
of span. What is the radius of the arch? 
Ans. 10 ft. 94 in. 


2. The centering for an arch, Fig. 79, 

8 feet in diameter, is made of three pieces 
R of equal lengths. 

Knowing that the 
side of a regular in- 
scribed hexagon is equal to the radius, what 
should be the length, as A B, of each piece? 
Ans. 4.62 ft., or 4 ft. 7} in., nearly 


SUGGESTION.—Find the length of OC in the Gch tri- 
angle OC E; then by the similar triangles OHC and 
OAD find the length of AO. The pore will be 
stated: OC:0D=OE:0A. AB will equal AO. 


Fic. 79 


€------~__-| 


we 


3. Inthe preceding example, whatis: (a) the 


Fie. 80 bevel angle A BO? (b) the angle between any 
; : > Mae (a) 60° 
two adjacent pieces “1 (6) 120° 


4. The flooring in a regular octagonal room, Fig. 80, is laid parallel 
to the side A B, which is 6 feet long. What is the angle of bevel for cutting 
the ends of the pieces that fit along A C? Ans. 135° or 45° 
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5. What is the length of the pieces of flooring between the sides C D 
and H K, Fig. 80, knowing that C Fand A F are equal and that the angle 


CFA isaright angle? (See Art. 60.) 
Ans. 14.48 ft., or 14 ft. 52 in., nearly 


6. In Fig. 73, if the diameter of the circle is 10 feet and D E is 8 feet 
6 inches, find the distance D C. Ans. 3 ft. 67 in., nearly 


GEOMETRY AND MENSURATION 
(PART 2) 
Serial 1098B-3 Edition 2 


FINDING AREAS AND VOLUMES 


MENSURATION OF PLANE SURFACES 


UNITS OF MEASUREMENT 


1. The area of a figure means the extent of the surface 
included within the bounding lines of the figure, and is 
expressed by the number of unit squares it will contain. 


2. <A unit square is the square having the unit for its 
side. For example, if the unit is 1 inch, the unit square 
is the square whose side measures 1 inch in length. In 
measuring a surface, the area may be expressed by the number 
of square inches that the surface contains. If the unit were 1 
foot, the unit square would measure 1 foot on each side, and 
a surface would then be measured by the number of square 
feet that it contained. 

The square that measures 1 inch on a side is called a square 
inch, and the one that measures 1 foot on a side is called a 
square foot. Square inch and square foot are abbreviated 
to sq. in. and sq. ft., or are sometimes indicated by LI” and D0’. 


QUADRILATERAL 

3. A parallelogram is a quadrilateral, or four-sided figure, 

whose opposite sides are parallel. There are four kinds of 

parallelograms: the square, the rectangle, the rhombus, and 
the rhomboid. 
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4. A rectangle, Fig. 1, is a parallelogram whose angles 
are all right angles. 


5. A square, Fig. 2, is a rectangle, all of 
whose sides are equal. 


6. A rhomboid, Fig. 3, is 
a parallelogram whose oppo- 
site sides only are equal, 
and whose angles are not right angles. 


Fic. 1 


Fic. 2 


7. A rhombus, Fig. 4, is a parallelogram having pees 
sides, and whose angles are not right angles. 


8. A trapezoid, Fig. 5, is a 
quadrilateral that has only two of 


Fic. 3 its sides parallel. 


9. A trapezium, Fig. 6, is a 
quadrilateral: having no two sides 
parallel. 


10. The altitude of a parallel- 
Fic. 4 ogram, or of a trapezoid, is the 
perpendicular distance between the 
ee parallel sides. In Figs. 3 to 5, the 
altitude is indicated by a dotted 

ies vertical line. 


11. A diagonal is a straight line drawn from the vertex 
of any angle of a quadrilateral to the vertex of the angle 
opposite; a diagonal divides the 
quadrilateral into two triangles. 
A diagonal divides a parallel- 
ogram into two equal triangles. 


12. The area of any par- 
allelogram may be found by the 
following rule: 


Fic. 6 


Rule.—To find the area of any parallelogram, multiply the 
hase by the altitude. 
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Let A =area; 
h=altitude; 
b=base. 

Then, A=bh 


EXAMPLE 1.—What is the area of the rectangle A B C D, Fig. 7? 


a 
7 | 


| sf F 

e 

» 

at i 

dy : 
Fic. 7 


SoLuTION.—The area of the rectangle equals the product of the base, 
which is 6 in., and the height, which is 3 in. Hence, the area is 
6X3=18 sq. in. Ans, 
Notge.—By dividing Fig. 7 into squares as shown, it is seen that, if the figure is drawn 
full size, it will require 18 square inches to cover it. 


EXAMPLE 2.—A rectangular lot is 4 rods wide and 8 rods long: (a) 
How many square feet does it contain? (b) What part of an acre is it? 


SoLuTION.—(a) Reducing rods to feet, 4 rd. =66 ft., and 8 rd. =132 ft. 
Either side may be taken as the base. Apply the formula, and 
A=b h=66X132=8,712 sq. ft. Ans. 


(b) As there are 43,560 sq. ft. in an acre, 8,712 sq. ft. =8,712-+ 43,560 
=.2=% A. Ans. 


13. The area of a trapezoid may be found as follows: 


Rule.—To find the area of a trapezoid, multiply one-half the 
sum of the parallel sides by the altitude. 


Let a and b=lengths of parallel sides; 
h=altitude. 
Then, A =1(*) 


EXAMPLE.—How many square feet of floor space are there in a five- 
story warehouse, if each floor has the dimensions given in Fig. 8? 
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SoLuTIon.—As either of the parallel sides may be called a, let it be 
the shorter; a= 49 ft. 6 in. =49.5 ft.; b=54 ft. 3 in. =54.25 ft.; and h=27 ft. 
9 in. =27.75 ft. Then, apply the formula, and 


b 49.5+54.25 
le (=) = 27.75 (Sas) = 1,489.5 sq. ft. 


Therefore, the area of five such floors is 5X 1,439.5 =7,197.5 sq.ft. Ans. 


49-67 i 


Fic. 8 Fie. 9 


14. It should be observed that 2 square inches does not 
mean the same as 2 inches square; 3 square inches does not 
mean the same as 3 inches square; etc. Fig. 9 (a) shows a 
rectangle 2 inches by 1 inch, and its area is 2 square inches; 
(b) shows a square 2 inches by 2 inches; that is, a figure 2 
inches square, and its area is 4 square inches. 


TRIANGLE 


15. The following rule may be employed in finding the 
area of a triangle: 


Rule.—To find the area of a triangle, multiply the base by 
the altitude and divide the product by 2. 


Let A =area; 
b=base; 
h=altitude. 

Then, = Oe 

2 


The base and the altitude must always be stated in the same 
units; that is, both must be in inches, or both in feet, in 
which case the area found will be given in square inches, or 
square feet, respectively. 


EXAMPLE.—The triangular gable of a house is 24 feet wide and 12 feet 
high. What is its area? 
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SoLUTION.—The gable is a triangle having a base of 24 ft. and an altitude 

of 12 ft. Hence, according to the rule, the area is 
A= (24X12) +2=144 sq. ft. Ans. 

16. If the triangle is a right triangle, one of the short 
sides may be taken as the base, and the other short side as 
the altitude; hence, the area of a right triangle is equal to one- 
half the product of the two short sides. 


17. If the lengths of the three sides of a triangle are 
given, the area may be found. Call the three sides a, b, and c, 
and let s represent half the sum of the sides, or s=4(a+b+c). 
Then the area A of the triangle may be found by the formula 

A= Vs(s—a) (s—b) (s—c) 

In other words, each side is subtracted from half the sum 
of the three sides, and these three remainders are multiplied 
together and by half the sum of the sides, or s; then the square 
root of the product is the area. 

EXxAMPLE.—What is the area of a triangular plot of ground, the sides 
of the plot being 60, 55, and 35 feet, respectively? 

SoLuTION.—It does not matter which side is called a, b, orc. Letting 
a=60, b=55, and c=35, 

s=3(60+554+35) =75 

Then, s—a=75—60=15 

s—b=75—55=20 
s—c=75—35=40 
and A= 75X15 X 20X40 = ¥900,000 = 948.68 sq. ft. Ans. 


POLYGONS 


18. To find the area of any figure bounded by straight 
lines the following rule 
may be employed: 


Rule.—To find the area 
of any figure bounded by 
straight lines, divide the p 
figure into triangles, par- 
allelograms, and trapezoids, 
and find the area of each. The sum of these parital areas wili 
be the area of the figure. 
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Examp_e.—A lot has the dimensions given in Fig. 10. How many 
square feet does it contain? 


SoLuTion.—The distances marked on Fig. 10 being measured. the 
partial areas are found to be: 


65 

Triangle A B ca =325 sq. ft. 
80X18 

Triangle FA C= = =7/20 sq. ft. 
80X21 


Triangle FC Dime = 840 sq. ft. 


79X6 
Triangle F DE= gO Li 237 sq. ft. 


2,122 sq. ft. 
The area of the lot is therefore the sum of these, or 2,122 sq. ft. Ans. 


19. A regular polygon may be divided into as. many 
equal triangles as the figure has sides by drawing lines from 
the center of the polygon to its angles. 
In Fig. 11, for example, the hexagon 
ABCODEF is composed of six 
equal triangles, AO B, BOC, COD, 
p DOE, EOF, and FOA. The area 
of each triangle is equal to one-half of 
the product of a side and the alti- 
tude, which is the perpendicular dis- 
tance OG from the center to a side. 
The entire area of the polygon is 
therefore obtained by multiplying the area of one of these 
triangles by the number of triangles, or six; or, the area of a 
regular polygon is found by multiplying one-half the peri- 
meter of the figure by the perpendicular distance from the 
center to a side. 


B G Cc 
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ExAMPLeE.—What is the area of an octagonal room, each of whose eight 
sides is 9 feet, when the distance from the center of the room to a side 
is 10 feet 103 inches? 

SoLUTION.—The perimeter is 8X9=72 ft.; 10 ft. 107 in.=10.875 ft. 


10.875 X72 
Area = apis = 391.5 sq. ft. Ans. 


20. The areas of regular polygons whose names are 
given in column B, of Table I, and whose sides are each 1, 
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or unity, are found in column C opposite the corresponding 
name. For example, the area of a regular decagon each of 
whose sides is 1 foot is 7.6942 square feet. The areas of 
regular polygons mentioned in the table may be obtained as 
follows: 


Rule I.—To find the area of a regular polygon, multiply the 
square of the side by the number in column C standing opposite 
the name of the polygon in column B. 


EXAMPLE 1.—What is the area of a regular twelve-sided figure, each 
of its sides being 9 feet long? 


SoLuTION.—The figure is a dodecagon, and the corresponding number 
in column C is 11.1962. 
Area =9X9X 11.1962 = 906.89 sq. ft. Ans. 


Rule II.—To find the side of a regular polygon when the 
area is known, divide the area by the number in column C corre- 
sponding to the name of the polygon and extract the square root 
of the result. 


EXAMPLE 2.—What is the side of a regular octagon that contains an 
area of 2,000 square feet? 


SoLuTion.—The number in column C to be used for an octagon is 
4.8284. 2,000+4.8284=414.22. The square root of 414.22 is 20.35. 
Hence, 20.35 ft., or 20 ft. 44 in., nearly, is the length of the side. Ans. 


21. In column D of Table I, are given the radii of the 
circles that may be described about the regular polygons 
named, when each side is of unit length. In column E are 
given the lengths of sides of inscribed polygons when the radius 
of the circle is 1, etc. The use of the various columns will 
be made clear by the following rules and illustrative examples: 


Rule I.—To find the radius of the circumscribed circle when 
the side of a regular polygon 1s known, multiply the side by the 
number in column D opposite the name of the polygon. 

EXAMPLE 1.—It is required to lay out a regular seven-sided figure, 


each side being 2 feet. What is the radius of the circle whose circum- 
ference will pass through each corner of the figure? 


SoLuTION.—The number in column D opposite heptagon is 1.1524. 
Radius of circumscribed circle is 
2X 1.1524 =2.3048, or, 2 ft. 33 in., nearly. Ans. 
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Rule II.— To find the length of the side of a regular polygon 
that may be inscribed in a circle of known radius, multsply the 
known radius by the number in column E opposite the name of 
the polygon. 


EXAMPLE 2.—What is the length of the side of an octagon that may 
be inscribed in a circle 12 feet in diameter? 


SoLuTION.—Radius is 12+2=6 ft. Number in column E opposite 
octagon is .7654. Length of side is 
6X .7654 = 4.5924, or 4 ft. 7} in., nearly. Ans. 


Rule III.—To find the radius of the inscribed circle when 
the side of a regular polygon is known, multiply the side by the 
number in column F opposite the name of the polygon. 


EXAMPLE 3.—It is desired to determine the perpendicular distance 
from the center of a regular nonagon to each of its sides, when the length 
of each side is 5 feet. 


SoLuTIon.—The perpendicular distance from the center of the polygon 
to its sides is equal to the radius of the circle that may be inscribed in the 
polygon. The number in column F opposite nonagon is 1.3737; hence, 
perpendicular distance is 

5X 1.38737 =6.8685, or 6 ft. 10r¢ in., nearly. Ans. 


Rule IV.—To find the side of a regular polygon when the 
radius of the inscribed circle is known, multiply the radius by 
the corresponding number in column G. 


Rule V.—To find the radius of the circle circumscribed about 
a regular polygon when the radius of the inscribed circle is 
known, multiply the given radius by the corresponding namber 
in column H. 


22. Incolumn J of Table I, are found the angles of each 
vertex of a regular polygon formed by the adjacent sides. 

In column J are found the values of one-half the angle at 
each vertex, or the angles that should be used in making the 
bevel cuts for moldings or material laid parallel to the sides, 
and jointed. 


\ 
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EXAMPLES FOR PRACTICE 


1. A five-pointed star is inscribed in the circle A BCD E, Fig. 12. 
The diameter of the circle is 4 feet 6inches. What is the distance between 
A consecutive points of the star measured on a 

straight line? Ans. 2 ft. 72 in., nearly 


2. Each side of an octagonal room is 12 feet 

EB B 3 inches. Find the number of square feet of 
flooring required for the room, making no allow- 

ance for waste. Ans. 724.56 sq. ft. 


3. What is the area of the end of a hexagonal 
D © rod, if the distance between parallel sides of the 
Fic. 12 rod is 2 inches? Ans. 3.46 sq. in. 


4, In Fig. 13, A B CD represents the end section of a piece of timber 
6 inches square. (a) What will be the side of a regular octagon that may 
be formed from the stick, if the corners are cut off ; 
as shown? (b) What is the distance B E? 


Ang, { (@) 2b in. 
a ie 13 in. 


A B 


CIRCLE 


23. The ratio of the circumference of 
a circle to its diameter is usually denoted 
by the Greek letter + (pronounced pie). ? 
The approximate value of the ratio, cor- 
rect to four decimal places, is 3.1416; hence, approximately, 
w=3.1416. For off-hand calculations, the ratio is frequently 
taken as 37; that is, the circumference is 3+ times the diameter. 


Fic. 13 


24. The following rules are used to find the circum- 
ference, diameter, and radius of a circle: 


Rule L—To find the circumference of a circle, multiply the 
diameter by 3.1416; or, multiply the radius by 2X3.1416. 


Rule II.—To find the diameter of a circle, divide the circum- 
ference by 3.1416; or, divide the circumference by 2X8.1416 to 
find the radius. 

Let ¢=circumference of circle: 

d=diameter of circle; 


ry =radius of circle; 
m7 =3.1416 
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Then, the preceding rules may be expressed by the formulas 
c=nd=2nr ag) 


d=< (2) 
eae 
an 2 2) 


EXAMPLE.—A wheelwright wishes to cut a length of tire iron long 
enough to go around a 44-foot wagon wheel. How long a piece should be 
cut, if it is necessary to allow 1} inches for welding? 


SoLUTION.—Here d= 43 ft.; so, apply formula 1, thus: 
c=nr d=3. 1416 X44 = 14.14 ft.=14 ft. 12 in., nearly 
Adding the 13 in., the length required is 14 ft. 3} in. Ans. 


25. The length of an arc ot a circle may be found by 
the following rule: 


Rule.— To find the length 
of an arc of a circle, mul- 
tiply the number of degrees 
in the arc by the radtus, 
and divide by 57.3, or by 
57.296 if greater precision 
1s required. 


Let J=1length of arc; 
r=radius of arc; 
n=number of de- 

grees in arc. 


Then, 


If the angle contains degrees, minutes, and seconds, reduce 
them to degrees and decimals of a degree before substituting 
the value of the angle in the formula; for example, 

37° 30’ 15” =37°+8$° +3880" 
=37°+.5°+.004° =37.504° 

EXxAMPLE.—In Fig. 14 is shown a part of a stone arch, the outline of the 


under surface of which is an arc A D B of a circle having a radius of 7 feet 
linch, or 85 inches. The angle A O Bis 50°. If there are thirteen stones 
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in the arch, what will be the width, as E F, of each stone, measured along 
the arc? 


SoLuTION.—Here J=A D B, the length of the arc; r=85 in., and n 
=50°. Apply the formula, and 
poe _ 85X50 
87.3 57.8 
Divide by the number of stones, and the width of each is 74.17+13 
— (lene )zo lence ly aeAnics 


=74.17 in. 


26. When only the chord A B, Fig. 15, of an arc and the 
i height, or rise, C Dof the segment 
are known, the following approximate 
A SEEN ON method of finding the length of arc 
Ree gives good results. AC, the chord 

: of half the arc, has the value 


a 2 ene 
AC NACD 86 D={(42) CDs 


Then, to find the length of the arc use the following rule: 


Rule.—From erght tumes the chord of one-half the arc, subtract 
the chord of the whole arc and divide the remainder by 8. 
That is, arc AC B= ee 
Let c=chord of whole arc; 
h=height of segment; 
l=length of arc. 


2 — 
Then, AC= Chas Veta? 
epeme: 


Either the rule or the formula may be used, whichever is 
the more convenient. 

This method gives the length ape 
of an are less than one-sixth of 22 ee 
the circumference correct to four Fic. 16 
figures, and it gives the length 


of an arc less than one-third of the circumference correct 
to three figures. 


GEOMETRY AND MENSURATION 13 


EXAMPLE.—Find the length of the arc A C B, Fig. 16, 


SoLuTion.—A B=6 ft.=72 in. A D, which is one half of A B equals 
3 X72 =36 in.; and D C=8 in. 
A C= NAD +DC = 3048! =36.88 in. 
Hence, the length of the arc A C Bis 


8XAC-—-AB_ 8X36.88 —72 ; aie 
"aa: ST a ac Per a in., or 6 ft. 2% in., nearly. Ans. 


27. When the results that may be obtained by the 
method given in the preceding 
article are not considered suf- 
ficiently accurate, the length of 
one-half the arc may be found 
in a similar manner and this 
multiplied by 2. The following 
example will fully illustrate the 
method of procedure: 


EXAMPLE.—The arch in Fig. 17 has a span A B of 60 inches and a rise 
CD of 25 inches. What is the length of the arc A C B? 


SoLutTion.—Let O represent the center of the arch, and let F be the 
middle point of the chord C B. 
CB =CD+D B= 25"+ ()?=1,525 
C B= 1,525 =39.051 in. 
C For FB=C B+2=89.051 +2=19.526 in. 


The radius, according to a principle explained in a preceding Section is 


CB 1,525 
(: O=5¢D = 305 — 30.5 in. 


In the right triangle C Oe 
O F=NOC-C F = \30.5?—19.526" = 23.431 in. 

F E=O E—O F=30.5— 23.431 = 7.069 in. 

In the right triangle Z FB, 
EB=VEF+FB = V7.009"+ 19.520?= 20.766 in. 

According to the rule of Art. 26, 
8 EB-CB_ 8X20.766—39.051 
a ee ae 
The whole arc A C B is therefore 

2X 42.359 = 84.72 in., or 7 ft. in. Ans. 


arc CE B= = 42.359 in. 
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If the rule of Art. 26, is applied directly, 
8XCB—AB 8X39.051—60 
3 2 3 

approximately. Ans. 
A difference of results, as in this case, is to be expected when answers are 
obtained by different methods. 


arc AC B= =84.14 in., or 7 ft. 2 in. 


28. If the radius of an arc and the length of the chord are 
given, the height of the segment may be found. In Fig. 17, 
for example, suppose that the chord A B and the radius O A 
are known, and that the height C D is to be found. As 
AC Bisan arcofa circle, OC=0 A. But, OC=C D+D0-; 
or, C D=OC—DO. Now, D Ois one side of aright triangle 
A DO, the hypotenuse being O A and the other side being 
A D=4A B. Therefore, 


Do=6 4 APD: 


or, DO=0A —(A By 

from which DO=VOA—1A B 

Then, C D=O CANO Saee 

(ime CUNEE ANNO A ae (1) 


If the radius O A and the height C D are known, the length 
of the chord A B may be found by the formula 


A B=2N0 A’—(O A—C D)? (2) 


29. The area of a sector of a circle may be found by the 
following rule: 


Rule.—To find the area of a sector of a circle, divide the 
number of degrees in the arc of the sector by 3860. Multiply the 
result by the area of the circle of which the sector ts a part. 


Let a=area of sector; 
n=number of degrees in arc; 
A =area of circle; 
r=radius of circle. 


n A 
= 2 
Then, a 360 .0087267 nr 
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ExampPLe.—A circular window 4 feet in diameter is divided by radial 
ribs into twelve equal sections. What is the area of each space? 


oS 
SOLUTION.—Here 7 =—>- =30°; so apply the formula, and 


a= >— =—————- = 1.05 sq. ft. Ans. 


Or, a= .0087267 n r?=.0087267 X30 X4=1.05 sq. ft. Ans. 


30. The area may also be found by the following rule: 


Rule.—To find the area of a sector, multiply one-half of the 
length of the arc by the radius. 
Let a=area of sector; 
l=length of arc; 
r =radius of arc. 


Then, a=ilr 
EXAMPLE.—In the sector OA CB, Fig. 18, the radius OA (=O C) of 
the arc is 6 inches, and the length of the chord c 


_A Bis 7 inches. What is the area of the sector 
OACB? 


SoLuTIon.—In order to find the area, it will be 
necessary first to find the length of the arc, by 
applying the rule givenin Art. 263 but before 
applying this rule, the height C D of the segment 
will have to be found. Since A D=} A B=}3X7 


=(3.0; Fic. 18 
0 D= NOA’-AD = V@—3.8=4.87 in. 
Then, C D=0 C—O D=6—4.87=1.13 in. 


CB=NCD'+D B = \1iP $3.5 =3.68 in. 


8xXxCB-—AB 8X 3.68 — 7 
and arc A SUE amor ar aa 3 


Now apply the formula given in this article, and 
a=4/r=34X748X6=22.44 sq. in. Ans. 


=7.48 in. 


81. The area of a segment of a circle may be found, 
approximately, as follows: 
Rule.—To two-thirds of the product of the hetght of the 


segment and the chord add the quotient obtained by dividing 
the cube of the height of the segment by twice the chord. 
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Let A =area of segment; 
c=chord; 
h=height of segment. 
3 
Then, yey re 
2c 


This rule will give results correct to three figures when 
the height of segment does 
not exceed the length of one- 
fourth of the chord, and the 
error will be less than 1 per 
cent. in finding. the area of a 
semicircle. The rule is there- 
fore sufficiently accurate for 
most ordinary calculations, as in 
estimating quantities and costs. 


EXAMPLE.—What is the area of the 
upper pane of glass abecd in the 
window shown in Fig. 19? 


Fic. 19 


SoLuUTION.—The glass may be divided into a rectangle a bc d3 ft. X3 ft. 
6 in. and a segment bec of a circle, the length of its chord bc being 3 ft. 
6 in. and the height ef of segment 6.75 in. But, 3 ft.=36in., and 3 ft. 
6in.=42in. The area of the rectangle is, therefore, 4236=1,512 sq. in. 
Referring to the segment, c=3 ft. 6 in. =42 in., and h=6.75in. Substitute 
in the formula, and 


6.758 
A=2?X42X6.75-+ —— 
3X42 X6.75+ 2x42 


=189+ 


07.55 
z Thre 189+3.66 


= 192.66 sq. in. 
The entire area of the glass is 
1,512+192.66 = 1,704.66 sq. in. Ans. 
32. The exact area of a segment of a circle may be found 
by the following rule: 


Rule.—To find the area of a segment of a circle, find the 
area of the sector of which the segment is a part, and from this 
area subtract the area of the triangle formed by drawing radit 
to the extremities of the chord of the segment. The result is the 
area of the segment. 
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EXAMPLE.—What is the area of the segment A C B, Fig. 18? 


SOLUTION.—The area of the segment is equal to the difference between 
the areas of the sector O A CB and the triangle OA B. The area of 
OA CB has been found, in the solution to the example in Art. 30, to be 
22.44 sq. in. Area of triangle O A B is 

3XO DXA B=}4X4.87X7=17.05 sq. in. 

Area of segment A C B is, therefore, 

22.44—17.05=5.39 sq. in. Ans. 


33. The following rule is employed to find the area of 
a circle: 


Rule.—To find the area of a circle, square the diameter and 
multiply by .7854; or, square the radius and multiply by 3.1416. 


Let A =area of circle; 
d=diameter of circle; 
r=radius of circle. 

Then, A = j0d* = .7854¢* (1) 

A =r =3.14167? (2) 


EXAMPLE 1.—What is the area of a circle whose radius is 14 inches? 


So_utTion.—Apply formula 2, and 
A =3.1416 X 147=3.1416 k 196 =615.75 sq. in. Ans. 


EXAMPLE 2.—The contract for a brick warehouse provides that all 
openings over 4 feet wide shall be deducted. What must be deducted 
for a semicircular arch 4 feet 8 inches in diameter? 


SoLuTIon.—Here d=4 ft. 8 in.=4} ft. Apply formula 1, and 
A =.7854d?= .7854 X (4%)?=.7854 X 21.78 =17.11 sq. ft. 


The area of the half circle is 
17.11+2=8.56 sq. ft., or practically 83 sq. ft. Ans. 


84. When the area of a circle is given, the diameter 
may be found by applying the following rule: 


Rule.—To find the diameter of a circle, the area being given, 
divide the area by .7854 and extract the square root of the quotient. 


poe =, {44 
7854. 4 


EXAMPLE.—To supply a certain quantity of water, it is necessary to 
have a pipe with an area of 28 square inches. What must be the diameter 


of the pipe? 
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So_utTion.—Apply the formula just given, and 


A 28 tes 
so a ee ese = B07 an. 
4 Apes Vas x 


As this is almost 6 in., a pipe of that diameter would be chosen. Ans. 


35. The area of a flat circular ring, Fig. 20, may be found 
as follows: 


Rule.—To find the area of a flat circular ring, subtract the 
area of the smaller circle from that of the larger. 
Let A =area of ring; 
d=outside diameter; 
d,=inside diameter. 


Then, A =.7854d? — .7854d;? = .7854 (d?—d,?) 


EXAMPLE.—What is the sectional area of a brick stack whose external and 
internal diameters are 6 feet 6 inches and 4 feet, respectively? 


SoL_uTIon.—Here d=6.5 ft., and d,=4 ft.; so, apply the formula and, 
A =.7854 X (6.5?— 4?) =.7854 X 26.25 = 20.62 sq. ft. Ans. 


If one diameter and the area of the ring are known, the 
other diameter may be found as follows: Compute the area 
of the circle whose diameter is given and 
add to or subtract from this result the 
area of the ring. The sum or difference 
thus found will be the area of the circle 
whose diameter is required. 

If the outside diameter d and the 
width of the ring are given, and the area 
is to be found, multiply the width by 2 
and subtract the product from the value 
ofd. The remainder will be the value of d,. Then, knowing 
d and di, the area may be found by the rule just given. 


Fic. 20 


ELLIPSE 


36. An ellipse is a plane figure bounded by a curved 
line, to any point of which the sum of the distances from two 
fixed points within, called the foct, is equal to the sum of the 
distances from the foci to any other point on the curve. 
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The curve bounding the ellipse is called the circumference, 
or perimeter, of the ellipse. 

In Fig. 21, let A and B be the foci, and let C and D be any 
two points on the perimeter. 
Then, according to the defini- 
tion just stated, 

AC+C B=AD+DB 
Each of these sums is also 
equal to the major axis E F. 
The long diameter EF is D 
called the major axis; the ete 


short diameter G D, the minor axts. The foci may be located 
from D or G as acenter, and radius DA=D B=i EF. 


37. There is no simple and exact method of finding the 
perimeter of an ellipse. The following formula gives values 
very nearly exact: 

Let C = perimeter; 

a=half the major axis; 
b=half the minor axis; 


= 0-0 
a+b 
64— 3D 
Then, C= (a+b)e 6p 


ExaMPLe.—What is the perimeter of an ellipse whose axes are 12 inches 
and 8 inches long? 


6—4 
= i = =4; = ——— = _2 = 12, 
SoLuTION.—In this example, a=6 and b=4; hence, D 644710 
64— 3(.2)4 
C=7(6+-4)—__—_ 
peek (6+ 4) 6 7602) 
The only difficulty in simplifying this expression will be in reducing 
he fracti JEBe: to its simplest form 
the fraction 64—16(.2)2 p : 


The numerator is simplified by raising .2 to the fourth power and sub- 
tracting three times the power from 64. Thus, 
.24=.2X.2X.2X.2=.0016; 3 <.0016 = .0048 
Then, 64—3(.2)4=64—.0048 = 63.9952. 
The denominator is simplified by multiplying the second power of .2 by 
16 and subtracting the product from 64. Thus, 
.2?=.2X.2=.04; 16 .04=.64; 64—.64=63.36 
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63.9952 


63.36 
C==3.1416X10X 1.010 =31.73 in., or 2 ft., 7$ in., nearly. Ans. 


The fraction therefore equals =1.010. Consequently, 


38. The following rule gives the method of finding the 
area of an ellipse: 


Rule.—To find the area of an ellipse, multiply the product 
of tts two diameters by .7854. 
Let A =area of ellipse; 
D=long diameter; 
d=short diameter. 
Then, A=jndD =.1854dD 


ExAMPLE.—What is the area of the elliptic top of a table whose long 
and short diameters are 4 and 3 feet, respectively? 


So_uTion.—Here D=4 ft. and d=3 ft.; so, apply the formula, and 
A =.7854 D d=.7854X4X3=9.42 sq. ft. Ans. 


EXAMPLES FOR PRACTICE 


1. Find the area of a square whose side is 5 feet 9 inches. 
Ans. 33.06 sq. ft. 


2. Find the area of a rhombus whose side is 12 feet 6 inches, and whose 
height is 9 feet 3 inches. Ans. 115.62 sq. ft. 


3. How many square feet are there in a board 12 feet long, 18 inches 
wide at one end, and 12 inches wide at the other end? Ans. 15 sq.ft. 


4. Find the distance around the outside of a waterwheel whose out- 
side diameter is 22 feet 8 inches. Ans. 71 ft. 23 in. 


5. The wheel of a carriage is observed to turn 375 times in going 
from a certain place to another. If the diameter of the wheel is 3 feet 
6 inches, what is the distance between the two places? 


Ans. 4,123 ft. 41 in., approximately 
6. Acircular column measures 45} inches around the outside. What 
is its diameter? Ans. 143 in., nearly 


7. <A belt covers an arc of 50° on a pulley whose diameter is 5 feet. 
What length of belt is in contact witn the pulley? 

Ans. 2 ft. 235 in., nearly 

8. Find the area of a triangle whose three sides are 13, 14, and 15 feet. 

Ans. 84 sq. ft. 
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9. Find the area of a right triangle whose hypotenuse is 50 feet 
and one of whose sides is 40 feet. Ans. 600 sq. ft 


10. The parallel sides of a trapezoid are 321 feet 6 inches, and 214 feet 
3 inches, and the perpendicular distance between them is 171 feet 14 inches. 


What is the area of the trapezoid? Ans. 45,840 sq. ft. 
11. One side of a room is 16 feet long. If the floor contains 240 square 
feet, what is the width of the room? Ans. 15 ft. 


12. The cable of a suspension bridge measures 40 inches in circum- 
ference. Find: (a) the diameter of the cable; (b) the area of the cross- 
section. (a) 122 in., nearly 

ee 127.3 sq. in. 

13. In Fig. 15, if A B=40 inches and C D=73 inches, find (a) the 
length of the arc A C B and (b) the radius of the arc. 

eR ve 3 ft. 7£in., approximately 
(b) 2 ft. 675 in., nearly 


14. (a) What is the perimeter of an ellipse whose axes are 15 inches 
and 9inches? (5b) What is the area? as (a) 3 ft. 2} in., approximately 
"| (6) 106.03 sq. in. 


MENSURATION OF SOLIDS 


DEFINITIONS 


39. <A solid, or body, has three dimensions: length, 
breadth, and thickness. The sides that enclose it are called 
the faces, and their intersections are called edges. 


40. The entire surface of a solid is the area of the whole 
outside of the solid, including the ends. 

The convex, or lateral, surface of a solid is the same as the 
entire surface, except that the areas of the ends are not 
included. 


41. The volume of a solid is the space included between 
its bounding surfaces, and is expressed by the number of 
times it will contain another volume, called the unit of volume 
Instead of the word volume, the expression cubic contents 
iv frequently used. 
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PRISM AND CYLINDER 


42. A prism is a solid whose ends are equal parallel 
polygons and whose sides are parallelograms. Prisms take 
their names from their bases. Thus, a triangular prism is 
one whose bases are triangles; a pentagonal 
prism is one whose bases are pentagons, etc. 


> 


43. A parallelopiped, as shown in Fig. 22, 
is a prism whose bases (ends) are parallelo- 
Fie. 22 grams. 


44, Aube, as shown in Fig. 23, isa parallelopiped whose 
faces and ends are squares. 


45. The cube whose edges are equal to the unit of length 
is taken as the unit of volume when finding the volume of a 
solid. Thus, if the unit of length is 1 inch, the 
unit of volume will be the cube whose edges 
measure 1 inch, or 1 cubic inch; and the num- 
ber of cubic inches the solid contains will be its 
volume. If the unit of length is 1 foot, the unit 
of volume will be 1 cubic foot, etc. Cubic inch, Pees 
cubic foot, and cubic yard are abbreviated to cu. in., cu. ft., 
and cu. yd., respectively. 


46. A cylinder, shown in Fig. 24, is a solid whose ends are 
parallel and equal curved figures, and whose cross-section is 
uniform throughout its length. The axis of a cylinder is a 
straight line joining the centers of the ends, as shown. A 
circular cylinder is one any section of which, perpendicular to 
the axis, is a circle. Unless otherwise expressed the 
word cylinder always means a circular cylinder. 


47. A right prism, or right cylinder, is one whose 
axis is perpendicular to its base. © 
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48. The altitude of a prism or cylinder is the per- 
pendicular distance between its two ends. 


49. The area of the convex surface of any right prism or 
right cylinder may be found according to the following rule: 
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Rule.—To find the area of the convex surface of any right prism 
or right cylinder, multiply the perimeter of the base by the altitude. 


Let S=convex surface; 
p=perimeter of base; 
h=altitude. 

Then, S=ph 


To find the entire area, add the areas of the two ends to 
the convex area. 
EXxAmPLeE 1.—A circular iron chimney, 7 feet in diameter and 85 feet 


high, is to be covered outside with a preservative paint. What will it 
cost to paint the chimney at 20 cents per square yard? 


SoLUTION.—The perimeter p of the base is r d=21.99 ft., and h=85 ft. 
The surface of the chimney is 21.9985 =1,869.2 sq. ft., or 207.7 sq. yd. 
The cost of painting at 20 cents per sq. yd. is therefore 

207.7 X$.20 = $41.54. Ans. 


EXAMPLE 2.—How many square feet of zinc will be required to line 
a refrigerator having interior dimensions of 4 ft. 6 ft.X8 ft. high? 


SoLUTION.—The area of the sides is 
(4X2+6X2) X8=160 sq. ft. 
Adding for floor and céiling 
(4X6) X2=48 sq. ft.; the total is 208 sq. ft. «ans. 


EXAMPLE 3.—What will be the cost, at 35 cents per square yard, of 
plastering the walls and ceiling of an octagonal room, having sides 5 feet 
long and 11 feet high, the distance between the parallel sides being 12 feet? 


SoLuTION:—The area of the sides is 8 (5X11) =440 sq. ft.; the area of 
the ceiling is one-half the perimeter times one-half the distance between 


8xX5X6 
the parallel sides, oe 120 sq. ft.; the total is 560 sq. ft., or 62.22 


sq. yd. At 35 ct. per sq. yd., the cost is $21.78. Ans. 


50. The volume of a rectangular solid may be found as 
follows: 


Rule.—To find the volume of a rectangular solid, multiply 
together the length, breadth, and herght. 


Let V =volume; 
l=length; 
b=breadth; 
h=height. 

Then, V=lbh 


24 GEOMETRY AND MENSURATION 


EXAMPLE.—Find the volume of the rectangular block shown in Fig. 25. 


So_utTion.—The length is 4 in., the breadth is 3 in., and the height 
is 6in. The volume therefore is 
V=4X<3X<6=/2icu, ins Ans: 

The block may be divided into six 
pieces, each 4 in. long, 3 in. wide, and 
1 in. thick. Each of these pieces may 
be cut up into twelve 1-in. cubes. 
There will, therefore, be 6X12=72 one- 
inch cubes, or 72 cu. in. in the entire 
block. 


51. The volume of a right 
prism, or cylinder, may be found 
by the following rule: 


Rule.—To find the volume of a 


right prism, or cylinder, multiply 
the area of the base by the altitude. 


f. 6 ” i 
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Let V =volume; 
a=area of base; 
h=altitude. 

Then, V=ah 


If the given prism is a cube, the three dimensions are all 
equal, and the volume is equal to the cube of one of the 
edges. 

If the volume and area of the base are given, the altitude 


is ie If a cylinder is hollow, the area of the base is equal 
a 


to the area of a flat ring like that shown in Fig. 20. 


EXAMPLE 1.—If brickwork averages 21 bricks per cubic foot, how 
many bricks will there be in a pier 18 inches square and 6 feet high? 


SOLUTION.—The sectional area or a is 1.5X1.5=2.25 sq. ft.; h=6 ft.; 
hence, 
V=a h=2.25X6=13.5 cu. ft. 
At 21 bricks per cubic foot, the number of bricks in the pier is 
13.5 X21 =283.5. Ans. 


EXAMPLE 2.—If cast iron weighs .26 pound per cubic inch, what 
length of sash weight will be necessary to balance a window weighing 
8 pounds, the diameter of the cylindrical weight being 1} inches? 
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SoLution.—As there are two weights, the weight of each is 4 1b. The 
number of cubic inches required, or V, is 4+.26=15.38. The area aofa 
1}-in. circle is 1.77 sq. in.; hence, h, the length, is 

V 15.38 


VY _ 15.38 _ ; ener 
eT) 8.69 in., or 8id in. Ans. 


BOARD MEASURE 


52. In measuring sawed lumber, the unit of measure is 
the board foot, and it is equal to the contents of a board 
1 foot square and 1 inch thick. A board foot is, therefore, 
equal to one-twelfth of a cubic foot. Boards less than 1 inch 
thick are usually reckoned as though the thickness were 1 inch. 


Rule I.—To find the number of board feet in a piece of lum- 
ber, multiply together the length, in feet, the width, in feet, and 
the thickness, in inches. Or, 


Rule Il.— Multiply together the length, in feet, the width, in 
inches, and the thickness, in inches, and divide the product by 12. 


EXAMPLE 1.—How many board feet are there in a plank 10 feet 6 inches 
long, 15 inches wide, and 3 inches thick? 


SoLuTION.—Length=10 ft. 6 in.=107% ft.=104 ft.=10.5 ft., width 
=+$ ft.=1.25 ft. The number of feet equals 
10.5 X 1.25 X3 =39.375, or 39.4 
The result is, therefore, 39.4 ft. B. M. (board measure). Ans. 


EXAMPLE 2.—Find the number of board feet in twenty pieces of siding 
4 inch thick, 54 inches wide, and 10 feet 9 inches long. 


SoLuTION.—Since the thickness is less than 1 in., the boards are con- 
sidered to be 1 in. thick when finding the amount of material in them. 
The calculation can be more easily performed in this case by using the 
second rule. Length=10;%; ft.=10.75 ft., width=5}3 in. =5.5 in. 


a ee a 98.5 fon OMG KES 


PYRAMID AND CONE 


53. A pyramid is a solid whose base is a polygon and 
whose sides are triangles uniting at a common point, called 
the vertex. A square pyramid is shown in Fig. 26. 

236—5 
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54. <A cone Fig. 27, is a sclid whose base is a circle and 
whose convex surface tapers uniformly to a point called the 
vertex. 


55. A right pyramid or cone 
is one whose axis is perpendicular 
to the base. 


56. Thealtitude ofa pyramid ("1-72 
or cone is the perpendicular dis- 
tance from the vertex to the base. 
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57. The slant height of a pyramid is a line drawn from 
the vertex perpendicular to one of the sides 
of the base. It is the hypotenuse of a right 
triangle, one of whose sides is the height of 
the pyramid and the other is half the width 
of the base. The slant height of a cone is 
any straight line drawn from the vertex to 
the circumference of the base. It is the 
hypotenuse of a right triangle, one of whose’ 
sides is the height of the cone and the other 
is half the diameter of the base. 


58. The convex area of a right pyramid 
or cone may be found as follows: 


Rule.—To find the convex area of a reght 
pyramid or cone multiply the perimeter of the 
base by one-half of the slant height. 


Let A =convex area; 
p=perimeter of base; 
s=slant height. 


S 
Then, A=? 
2 
EXAMPLE.—A church steeple, in the form of an 
Fic. 28 octagonal pyramid, as shown in Fig. 28, is 60 feet 


high. The outer radius of the base, or the radius of 
the circumscribed circle, is 6 feet, and the length of one of the sides of 
thc base is 4 feet 71 inches. Find the convex surface. 
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SoLuTION.—To find the slant height, the length OA along one edge 
must first be found. This is the hypotenuse of a right triangle of which 
the altitude is the height of the tower, or 60 ft., and the base is the radius, 
or6ft. Hence, O A = ¥60?+6?=60.3 ft. Now, in the triangle O A B,O A 
is 60.3 ft. and A B is half the length of one side of the octagonal base; but 
4 ft. 74 in.=4.6 ft., approximately, and so A B=4.6+2=2.3 ft. The 
slant height O B is, therefore, 160.3?—2.3?=60.3 ft., nearly. The peri- 
meter of the base is 4.6X8=36.8 ft. Apply the formula, and 


36.8 X60. 
= 2S SRS = 1,100.5 sai ft. Ans. 


59. The following rule states how to find the volume of 
a pyramid or cone: 


Rule.—To find the volume of a pyramid or cone, multiply 
the area of the base by one-third of the altitude. 


Let V =volume; 
a=area of base; 
h=altitude. 

Then, V= = 


EXAMPLE 1.—The granite capstone of a monument is a square pyramid 
having a base 4 feet square and an altitude of 6 feet. If granite weighs 
170 pounds per cubic foot, what will be the freight charges on the piece at 
20 cents per 100 pounds? 


So_uTion.—The area a of the base is 4X4=16 sq. ft., and the altitude 
his6ft. Apply the formula, and 


At 170 lb. per cu. ft., the weight is 32X170=5,440 lb.=54.4 cwt. The 
freight is, therefore, 
54.4 $.20=$10.88. Ans. 


ExampteE 2.—If, in the preceding example, the capstone were conical, 
having a base 4 feet in diameter and a height of 6 feet, how much less 
would it weigh than the pyramidal stone? 


SoLuTION.—The area of the base is .7854 d?=12.57 sq. ft. Apply 
the formula, and the volume is 
: 6 
mee 28.14 eal. fe 
and the weight at 170 Ib. per cu. ft. is 4,274 lb., nearly. As the pyramidal 
capstone weighs 5,440 lb., the difference in weight is 
5,440—4,274=1,166 lb. Ans. 
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FRUSTUM OF PYRAMID OR CONE 


60. If a pyramid or a cone is cut by a plane parallel to 
the base, so as to form two parts, the lower part is called the 
frustum of the pyramid or cone. The lower part 

in Fig. 29 is a frustum of a pyra- 


mid, and the lower part in Fig. 30 
is a frustum of a cone. 
The upper end of the frustum 


Snax of a pyramid or cone is called the Sa) 
upper base, and the lower end the 
fr lower base. ‘The altitude of a frus- 
tum is the perpendicular distance 

Fre. 29 between the bases. Fic. 30 


61. The convex area of a frustum of a right pyramid or 
right cone is found as follows: 


Rule.— To find the convex area of a frustum of a right pyramid 
or right cone, multiply one-half the sum of the perimeters of 
the bases by the slant height. 


Let A =convex area; 
P=perimeter of lower base; 
p=perimeter of upper base; 
s=slant height. 
ee Eos Se 
2 

To find the entire area, add to the convex area the areas 
of the two bases. 

To find the slant height of a frustum of a right pyramid or 
right cone, take the difference between the radii of the inscribed 
circles of the two bases, or between the radii of the two bases. 
This difference is one side of a right triangle whose other side 
is the altitude of the frustum. The hypotenuse of this right 
triangle is the slant height. 


Then, 


EXxAMPLE.—A square tower roof has the dimensions shown in Fig. 31. 
To find the slate required to cover the tower the convex area is required. 
What is this convex area? 
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SOLUTION.—The tower has the form of a frustum of a pyramid, 6 ft. 
6 in. square at the bottom and 3 ft. 6 in. square at the top, 6 ft. being the 
altitude. 6 ft. 6 in.=63 ft. and 3ft. 
6 in.=3} ft. The perimeter of the lower 
base is 4X64=26 ft., and that of the 
upper base is 4X3}=14 ft. The slant 
height A B of the frustum is the hypo- 
tenuse of the right triangle A C B whose 
height A C is equal to the altitude of 
the frustum or 6 ft., and whose base B C 
is equal to the difference between the 
radii of the circles inscribed in the upper 
and lower bases, or 

2(63—33) =1) ft. 
The slant height is, therefore, Fic. 31 


V(14)?-++6?=6.18 ft. 


Applying the formula, 


P 26-+14) X6.18 
Aw ES _ COREE =1236 sq. ft. Ans. 


62. The following rule gives a method of finding the 
volume of the frustum of a pyramid or cone: 


Rule.—To find the volume of the frustum of a pyramid or 
cone, add the areas of the upper base, the lower base, and the 
square root of the product of the areas of the two bases; multiply 
this sum by one-third of the altitude. 

Let A =area of lower base; 

a=area of upper base; 
h=altitude; 
V =volume. 


Then, v=k(Atat VA Xa) 


In this and other formulas of similar form, care should be 
taken to express the various dimensions in units of like denomi- 
nation. For example, if the areas are expressed in square 
inches, the altitude must be in inches, and the result will be 
in cubic inches; if the areas are in square feet, the altitude must 
be in feet, and the result will be in cubic feet. 

ExaMp_e.—A marble monument is 24 feet square at the base, 1 foot 


square at the top, and 16 feet high. If marble weighs 160 pounds per 
cubic foot, what is the weight of the stone? 
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SoLuTION.—The area of the lower base is 24*24=6.25 sq. ft; that 
of the upper base is 1 sq. ft. Apply the formula, and 


h 16 ee eee 
Pace +at+wWAxXa)= = (6.25+1-+ V6.25 x 1) =52 cu. ft. 
At 160 lb. per cu. ft., the weight is 52X160=8,320 lb. _ Ans. 


63. When the bases of the frustum are square, let 
d and D represent the sides of the bases, respectively, and 
V the volume of the frustum; then, 

V=5(@+d D+ D) 

When the bases are circular, let d and D represent the 

respective diameters; then, 


V=k@+d DED) x" 


EXAMPLE.—Find the volume of a pail having the form of a frustum 
of a cone, the upper and lower diameters being 10 and 8 inches, respectively, 
and the height of pail 93 inches. 


SoLuTION.—Substitute the given values in the formula, and 


9.5 
ea ets <10+10?) X.7854 


9.5 
RC ree ue Se cu. in. Ans. 


WEDGE 


64. A wedge, Fig. 32, is a solid having plane surfaces, of 

which the base is a parallelogram, the ends are triangles, and 

= the sides are quadrilaterals meet- 

ing in a line parallel to the sides 
of the base. 


: 65. The rule for finding the 
Fie. 32 volume of a wedge is as follows: 


Rule.—To find the volume of a wedge, multiply together the 
widih of the base, the perpendicular distance from the base to the 
edge, and the sum of the lengths of the three parallel edges; divide 
the product by 6. 
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Let V=volume; 
w= width of base; 
h=perpendicular distance from base to edge; 
s=sum of lengths of the three parallel edges. 
Then, V= a 3 
If the base is a rectangle, and the triangular ends are 
parallel, the wedge becomes a triangular prism, and the 
rule for prisms may be used. 


EXAMPLE.—Steel weighs .28 pound per cubic inch. How heavy is 

a steel wedge 8 inches long, and 1} in. <3 in. at the head? 
SOLUTION.—Here, w is 1} in., # is 8 in., s is 3+8+8=9 in. Then, 
15X8xX9 
Lag 


Or, as this wedge is a prism, the volume=area of end X length of 
edge; area of triangle is 


=18 cu. in. 


1.5X8 
2 
Multiply this by the length of the edge, 3 in., and the volume is 18 cu. in. 
The weight at .28 lb. per cu. in. is 
.28X18=5.04 Ib. Ans. 


=6 sq. in. 


SPHERE 


66. <A sphere, Fig. 33, is a solid bounded by a uniformly 
curved surface, every point of which is equally 
distant from a point within called the center. 
The word ball is commonly used instead of 
sphere. 


67. The following rule states the method : 
of finding the area of the surface of a sphere: Fre. 33 


Rule.—To find the area of the surface of a sphere, multiply 
the square of the diameter by 3.1416. 


Let S=surface; 
ad =diameter of sphere. 
Then, S=1d?=3.1416a? 


ExampLe.—A ballon a flagstaff is 10 inches in diameter and is to be gilded, 
- put 20 square inches is to be deducted for space covered by attachment 


BZ GEOMETRY AND MENSURATION 


to the pole. How many books of gold leaf, each containing 25 leaves 
33 inches square, will be required for gilding it? 


So_uTion.—Apply the formula. S=7 d?=3.1416X10X10=314.16 sq. 
in. Deducting 20 sq. in., the net surface is 294.16 sq.in. Each gold leaf 
has an area of 32 in. X32 in., or 11.4 sq. in., nearly; hence, for 294.16 sq. in., 
there will be needed 294.16 +11.4=25.8 leaves, or 1 book and 1 leaf. Ans. 


68. The volume of a sphere may be found when the 
diameter is known by applying the following rule: 


Rule.—To find the volume of a sphere, multiply the cube of 
the diameter by .6236. 


Let V =volume; 
d=diameter. 
Then, Viana 5236ds 


Since TEES the volume of a sphere is equal 


to one-sixth of the surface multiplied by the diameter. 


EXAMPLE.—What is the weight of a cast-iron ball 6 inches in diameter, 
if the metal weighs .26 pound per cubic inch? 


SoLuTIon.—Apply the formula, and 
V =.5236 d*=.5236 X216=113.1 cu. in. 
The weight is therefore 113.1 .26=29.41 lb. Ans. 


69. The volume of a spherical shell is equal to the differ- 
ence in volume between two spheres having the outer and 
inner diameters of the shell. 


PRISMOIDS 


470. Definition.—A prismoid is a solid of which two faces, 
called bases, are parallel polygons and the other faces, or sides, 
are triangles, trapezoids, or parallelograms joining the bases. 
In the prismoid in Fig. 34, the parallel faces ABCD and EFGHI 
are the bases, the side BCGF is a rectangle, the sides ABFE, 
ADIE, and CDHG are trapezoids, and the side DHI is a 
triangle. It must be kept in mind that all faces of a prismoid 
are plane surfaces and each face has at least one vertex in each 


GEOMETRY AND MENSURATION 33 


base. Prisms, pyramids, and frustums of pyramids are special 
kinds of prismoids. 

The altitude of a prismoid is the perpendicular distance 
between the bases. 


71. Middle Section of Prismoid.—If a prismoid is 
imagined to be cut by a plane parallel to the two bases and 
midway between them, the intersection 
is a polygon called the middle section of 
the prismoid. In Fig. 34, the middle 
section is the polygon JKLMN. 

Each vertex of a middle section is the 
middle point of an edge of the prismoid, 
and the length of each side of a middle 
section is equal to one-half the sum of 
the lengths of the corresponding sides of 
the bases. Thus, in Fig. 34, J is the 


middle point of AE, K is the middle point Fie. 34 
: , ; Ab rae 
of BF, M is the middle point of DH, etc. Also, ee ae 
AI+0 HAI 
ot ae ca aka 


Except in the case of a prism, where the bases and the middle 
section are equal, the area of the 
middle section of a prismoid is 
not equal to one-half the sum 
of the areas of the bases. The 
area of a middle section gener- 
ally must be computed from its 
dimensions. 

ExAMpLe—lIn Fig. 35 is shown a 
masonry pier in the shape of a pris- 
moid. The bottom ABCD is a rec- 
tangle 11 ft.x30 ft. and the top EFGH 
is a rectangle 7 {t.x24 it. Find the 
area of the middle section JJKL, 

SoLtution.—The middle section is similar to the bases. It is, there- 
fore, a rectangle and its area is equal to the product of JL and IJ. Since 
each dimension of the middle section is equal to one-half the sum of the 


Fic. 35 
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AD+EH 30+24 


corresponding dimensions of the bases, men ae gee fe 
AB+EF 11+7 
and IJ ola rae es ft. Hence, the area of JJKL equals 27X9 


=243 sq. ft. Ans. 


72. Volume of Prismoid.—The volume of a prismoid is 
equal to one-sixth of the altitude multiplied by the sum of the 
area of the lower base, the area of the upper base, and four 
times the area of the middle section. 

Let V =volume of prismoid ; 
h=altitude; 
A=area of lower base; 
a=area of upper base; 
M =area of middle section. 


Then, V=2(A +a+4M) 


This formula, which is called the prismoidal formula, is 
applied extensively in practice. 


ExAMPLe.—If the pier in the example of Art. 71 is 30 feet high, how 
many cubic yards of masonry does it contain? 


Sotution.—The area A of the lower base of the prismoid equals 30X11 
=330 sq. ft.; the area a of the upper base equals 24X7=168 sq. ft.; and 
the area M of the middle section is 243 sq. ft. By the prismoidal formula, 

h 30 
a a Gre Te =7,350 cu. ft. 


, 


50 
This is equivalent to or 272.2 cu. yd. Ans. 


EXAMPLES FOR PRACTICE 


1. A right cylinder is 26 inches in diameter and 32 inches high. Find 
its convex surface. Ans. 18 sq. ft., approximately 


2. Ona piece of level ground a cellar 24 feet wide, 36 feet long, and 
7 feet deep is dug. How many cubic yards of earth are removed? 
Ans. 224 cu. yd. 


3. A steel shaft is 4 inches in diameter and 10 feet long. What is its 
weight, if steel weighs .283 pound per cubic inch? Ans. 427 lb., nearly 
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4. Find the number of board feet in a timber 16 feet long, 12 inches 
wide, and 10 inches thick. Ans, 160 ft. B. M. 


5. A conical tower 8 feet in diameter at the base and 12 feet high is to 
be painted. Find the area of convex surface. Ans. 159 sq. ft., nearly 


6. A block of marble has the form of a pyramid whose base is 2 feet 
6 inches square and whose height is 6 feet. If marble weighs 160 pounds 
per cubic foot, what is the weight of the block? Ans. 1 ton 


7. A tank having the shape of a frustum of a cone is 8 feet high. The 
inside diameters at top and bottom are 5 feet and 6 feet, respectively. 
(a) How many gallons will the tank hold? (b) What is the area of the 
inside convex surface? 

Kes ates 1,426 gal., nearly 
(6) 138.5 sq. ft. 


8. Aspherical balloon is 20 feet in diameter. (a) How many cubic 
feet of gas does it contain? (b) How many square feet of surface has it? 


(a) 4,189 cu. ft. 
ams tos 1,257 sq. ft. 


SYMMETRICAL AND SIMILAR FIGURES 


73. An axis of symmetry is any line so drawn that, if the 
part of the figure on one side of the line is folded over on 
this line, it will coincide exactly with the 


other part, point for point and line for 
line. Thus, in Fig. 36, if the upper semi- 
circle is folded over on the diameter C Les 
it will coincide exactly with the lower 
semicircle; also, if the part on the right 
of the diameter AB is folded over on 


A B, it will coincide exactly with the part 
on the left of this line. 

It is evident from what has just been stated that a circle 
may have any number of axes of symmetry. In certain cases, 
however, a figure may be symmetrical with regard to only one 
axis. Thus, the isosceles triangle A BC, Fig. 37, is symmet- 
rical with regard to the axis B D, because the part B C D would 
coincide with the part B A D if folded over on the line B D;. 
but no other axis of symmetry could be drawn. A rectangle 
has two axes of symmetry at right angles to each other. A 
regular hexagon has six axes of symmetry. 


ei 36 
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%4. Similar figures are those that are alike in form. As 
in the case of polygons, which have been considered, two figures, 
to be simliar, must have their corresponding sides in propor- 

tion, and the angles of one equal to the corre- 
sponding angles of the other. Circles are, of 
course, similar figures. 

75. The areas of two similar figures are to 
each other as the squares of any one dimension. 
4 Thus, a regular octagon whose sides are 1 inch 
Er1G.9/ long contains 4.828 square inches; another with 
sides 4 inches long contains 4’, or 16, times 4.828 square inches 
=77.25 square inches; for, let d=required area, then 4: 4.828 

sq. in. =4?: 17, or d=16X 4.828 square inches, 

The use of this principle often saves considerable labor in 
determining the areas of similar figures, as, for instance, the 
end areas of frustums of pyramids, cones, etc. 


76. The volumes and weights of similar solids are to each 
other as the cubes of any one dimension. 

Examp.Le.—lf a cast-iron ball 9 inches in diameter weighs 100 pounds, 
what would a ball 15 inches in diameter weigh? 

Sotution.— 100: *+=9*: 15°, or 


100X 3,375 
4=—_——= 462.96 Ib. 
729 


The weight of the larger ball is, therefore, 462.96 lb. Ans, 
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APPENDIX 


PARABOLA 


%%. Properties of Parabola—A parabola, Fig. 38, is a 
plane curve so formed that any point P on it is equally distant 
from a fixed point F and a fixed line DE; that is, PF=PN. 
The fixed point F is called the focus, and the fixed line DE is the 
directrix. The line AX that passes through the focus and is per- 
pendicular to the directrix is the avis of the curve, and the point 


B 


© 


bt---------}es 


D Q Cc 


Fie. 38 Fic. 39 

O where the curve crosses the axis is the vertex. Any line, as 
PP’, which is perpendicular to the axis and is terminated by the 
curve, is called a double ordinate. A parabola may be continued 
indefinitely, but a double ordinate, as QQ’, is generally consid- 
ered to limit the curve. Such a figure, as QOQ’X, is often 
called a segment of a parabola. 

The axis of a parabola is the perpendicular bisector of each 
double ordinate ; that is, PM=MP’ and OX=XQ’. The vertex 
is midway between the focus and the directrix ; that is, AO = OF. 


38 GEOMETRY AND MENSURATION 


%8. Area of Segment of Parabola.—The area of a segment 
of a parabola is equal to two-thirds of the product of the length 
of the bounding double ordinate and the distance from the vertex 
to that double ordinate. 

Let A =area of segment of parabola; 

o =length of bounding double ordinate ; 
m= distance from vertex to double ordinate. 

Then, A=%om 

In Fig. 39, the curve ABC is a parabola, the axis BD being 
vertical and the double ordinate being horizontal. The area of 
the segment ABC is equal to 3 ACXBD. 


aa 
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